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Introduction 



Poincare duality lies at the heart of the homological study of manifolds. In 
the presence of the action of a group, it is well-known that Poincare duality fails 
to hold in ordinary integer-graded (Bredon-Illman) equivariant homology. (See 
[3] and [21] for the construction of these homology theories; see [17] and [30] 
for the failure of Poincare duality.) It is our purpose here to extend the Bredon 
theory to one in which a form of Poincare duality holds for all smooth compact G- 
manifolds, where G is any compact Lie group. We did this for G finite in [11] . where 
we showed that, for finite group actions and Mackey functor coefficient systems, 
Bredon-Illman theory extends to a theory graded on RO(HgB), the group of virtual 
representations of the equivariant fundamental groupoid HqB of a G-space B, in 
which Poincare duality holds for all smooth compact G-manifolds. That theory 
is an extension of a well-known intermediate theory: i?0(G)-graded equivariant 
ordinary (co)homology (see [28], [37], [26] and [311 Chapters X, XI and XIII]). 
In [12] and [14] we applied the theory to obtain n-n theorems for equivariant 
Poincare duality spaces and equivariant simple Poincare duality spaces. In other 
words, our equivariant ordinary theory is sensitive enough to yield a surgery theory 
that parallels the non-equivariant theory 44 modulo the usual transversality issues 
(08, [39]). 

The i?0(G)-graded extension of Bredon-Illman homology dates back to 1981 
and is interesting in its own right: It is necessary to extend to RO(G) grading to get 
theories represented by equivariant spectra ([29], [32]), and so they provide a min- 
imal substrate in which we can take advantage of equivariant Spanier- Whitehead 
duality. However, the documentation of _RO(G)-graded ordinary homology is sparse 
and incomplete. In particular, its behaviour with regard to products, restriction to 
fixed sets, and restriction to subgroups is nowhere discussed in detail. (An outline 
of the product structure is given [341 XIII. 5].) 

When G is finite, the i?0(G)-graded theory does yield Poincare duality for 
smooth G-manifolds that are modeled on a single representation of G (see [40J , [24] , 
and [47] ). However, as noted in [34], ordinary homology and cohomology need not 
be dual when G is an infinite compact Lie group — if DX is the G-spectrum dual 
to X, Hy(X) and Hq (DX) need not be isomorphic. Thus, equivariant Poincare 
duality between ordinary homology and ordinary cohomology cannot be expected 
to hold when G is not finite, even for G-manifolds modeled on a single represen- 
tation. Although ordinary homology and cohomology are not dual, each possesses 
a dual theory. These theories, which we refer to as dual ordinary cohomology and 
homology, are mentioned in [34] but not described in any detail. 

In short, the state of the art to date is this: There are RO (G)-graded ordinary 
homology and cohomology theories defined for compact Lie groups G. Poincare 
duality holds with these theories only when G is finite and the manifold is modeled 
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on a single representation of G. When G is finite, there is an extension of the 
RO (G)-graded theory to an RO (IiG-B)-graded theory, in which Poincare duality 
holds for all smooth compact G-manifolds. This raises the following questions: 
How does Poincare duality work in the RO (G)-graded theories when G is infinite? 
How do the RO(HcB)-gia,ded theories extend to the case when G is infinite, and 
how does Poincare duality work in this context? The goal of the present work is to 
answer these questions while also giving a more complete and coherent account of 
what is already known. 

In Chapter 1 we give a reasonably complete account of i?0(G)-graded ordi- 
nary homology and cohomology as well as their associated dual theories, both ge- 
ometrically (from the cellular viewpoint) and homotopically (from the represented 
viewpoint). In particular, we find that the dual theories are also cellular theories, 
arising from "dual" cell complexes. We then discuss products, restriction to sub- 
groups, and restriction to fixed sets — accounts that have not appeared heretofore in 
the literature. Finally, we show that Poincare duality for manifolds modeled on a 
single representation holds for general compact Lie groups in that, if M is compact, 
equivariantly orientable (in a sense to be made precise), and modeled locally on the 
G-representation V, one has duality isomorphisms like H G V (M, dM) = 3%y_ w (M) , 
where is the dual theory. 

Our development of the RO(Hg B)-graded theories is done in the context of 
parametrized spaces and spectra. In Chapter 2 we review facts we need about 
parametrized homotopy theory, relying heavily on work by May and Sigurdsson 
[37] . However, we emphasize a point of view not taken by May and Sigurdsson: 
that, rather than concentrating on maps that strictly commute with projection to 
the basespace, we should take seriously maps that commute only up to specified 
homotopies in the basespace. These maps, which we call lax maps, we discuss in 
detail in Chapter 2. 

In Chapter 2 we also review basic facts about the equivariant fundamental 
groupoid HqB and its representations, as developed in detail in [9]. In the case 
of RO (G)-graded ordinary theories it is well-known that the coefficient systems we 
use must be Mackey functors, i.e., functors on the stable orbit category. In the 
RO(Ug B)-graded theory the fundamental groupoid replaces the orbit category, so 
we must also have a stable version of HgB. The last two sections of Chapter 2 
discuss this stable fundamental groupoid and some of its properties. 

In order to define ordinary homology and cohomology as cellular theories, we 
must have well-behaved CW objects to work with in the categories of parametrized 
spaces and spectra. May and Sigurdsson point out the difficulties of developing 
a theory of CW parametrized objects at the end of |37) . In Chapter 3 we lay 
out such a theory in detail, answering some of the questions raised by May and 
Sigurdsson. The theory requires some compromises, particularly in our results 
about approximating arbitrary maps by cellular maps. The compromise in the case 
of maps of spaces is to allow lax maps; in the case of maps of spectra we must 
also allow "costabilization" of the source spectrum. These compromises make the 
theory less satisfying than in the nonparametrized case, but these CW objects are 
still adequate to use in defining cellular homology and cohomology, which we do at 
the end of Chapter 3. 

In the first part of Chapter 4 we discuss the way in which parametrized ho- 
mology and cohomology theories are represented by parametrized spectra. This 
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is known for cohomology (see, for example, [5] and [6]) but seems to be new for 
homology. Homology and cohomology theories should be connected by a duality, 
but the obvious fiberwise duality does not work for this. We introduce instead a 
kind of duality we call homological duality. May and Sigurdsson have done us the 
honor of calling this Costenoble-Waner duality in [37] and give there a very nice 
development of it in a very general context. 

The last half of Chapter 4 develops the dual ordinary theories as cellular the- 
ories. We then discuss, for all of the ordinary theories, products, restriction to 
subgroups, and restriction to fixed sets. The chapter culminates in the Thorn 
isomorphism theorem for equivariant spherical fibrations and the Poincare dual- 
ity theorem for smooth compact G-manifolds. A word about orientability: The 
i?0(IiGi?)-graded theories are, by their nature, twisted, so that the Thorn iso- 
morphism and Poincare duality theorems require no orientability assumptions. In- 
deed, restricting to orientable fibrations or manifolds in this context gives us no 
advantage — the fundamental groupoid is woven so deeply into the theory of equi- 
variant orientations [9 that there is no significant simplification in considering the 
orientable case. 

History. This project has been in development for long enough that it is 
worth saying a few words about its history and relation to other works. We have 
long believed that equivariant Thorn isomorphism and Poincare duality theorems 
require homology and cohomology theories that take into account the varying local 
representations given by the fibers of a general equivariant vector bundle. This 
belief led to the work with Peter May on equivariant orientations that became 
[9], and early versions of the orientation theory, as well as versions of RO(HgB)- 
graded ordinary homology and cohomology, appeared in and [13] . (See |36j 
for a different approach to Thorn isomorphisms suggested by Peter.) 

While we were working on [9] we had the present work in mind as well. Early 
on, we did not give parametrized homotopy theory a prominent role, but as we 
worked out the details it became clearer that we should. In an earlier version of 
this manuscript [15j we used parametrized spectra while discussing the objects rep- 
resenting the RO(HaB)-graded theories, but our naive belief was that the theory 
of parametrized spectra was an easy generalization of the nonparametrized the- 
ory. At about the same time we posted that preprint, Peter had started looking 
at parametrized homotopy theory for other reasons, and he warned us that he had 
already found serious pitfalls and that the parametrized theory was definitely not 
an easy generalization of the nonparametrized case. Peter was joined in his efforts 
by Johann Sigurdsson and their work became |37j . We are pleased that they incor- 
porated some of the ideas from our preprint, particularly our notion of homological 
duality, and we are indebted to them for providing a firm foundation on which we 
could build the present work. Once [37j appeared it became clear that we needed to 
substantially rewrite our earlier manuscript. The present version uses parametrized 
homotopy theory much more extensively, and we have attempted to do so with the 
care that Peter has enjoined us to take. In several places |37j gives better proofs 
of results from our earlier preprint, so we have replaced our proofs with references 
to theirs. 

In Memoriam. Our good friend L. Gaunce Lewis died in 2006 of brain cancer. 
We had many enlightening conversations with Gaunce about compact Lie groups, 
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Mackey functors, and the dual theories, among other topics. This work would have 
benefited from the close reading he would have given it. We miss him. 
February 1, 2008 
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i?0(G)-graded Ordinary Homology and 
Cohomology 

Introduction 

A construction of i?0(G)-graded ordinary homology and cohomology was an- 
nounced in |28j and given in [19] . In this chapter we give another construction, 
which first appeared in |45) . for finite groups, in [26] for compact Lie groups, and is 
outlined in 34, Chapter X]. We also give more details about the behavior of these 
theories and their dual theories. Some of this material is well-known, but some is 
new, particularly the material on the dual theories, on subgroups, and on products. 

At the end of Chapter [3] we shall generalize this construction to give a theory 
graded on a larger group. In a very precise sense, the theory defined in this chapter 
is the local case of the more general one. We shall discuss various constructions 
in detail in this chapter, where the setting is somewhat simpler, to allow us to 
concentrate in the next several chapters on those things that need to be changed 
when we generalize. 

Throughout we understand all spaces to be fc-spaces. It is more common to 
restrict to compactly generated spaces, that is, weak Hausdorff /c-spaces, but the 
extra generality is needed in subsequent chapters when we discuss parametrized 
spaces |37j . Our ambient group G is a compact Lie group and subgroups are 
understood to be closed. We write J(f for the category of fc-spaces, GJtf for the 
category of G-spaces and G-maps, for the category of based fc-spaces, and 
GJ^ for the category of based G-spaces (with G-fixed basepoints) and basepoint- 
preserving G-maps. 

For Bredon's integer-graded cquivariant cellular homology the appropriate no- 
tion of a "G-complex" is a G-CW complex in the sense of [3] and [21] . This is 
a G-space with cells of the form G/H x D n where H C G and G acts trivially 
on the unit n-disc D n . The cell complexes we use to construct the i?0(G)-graded 
extension of Bredon homology have cells of the form G Xh D(W) where D(W) is 
the unit disc in a (possibly nontrivial) representation W of H. 

1.1. G-CW(V) complexes 

Fix a finite dimensional orthogonal representation V of G. If i > 0, denote by 
V+i the orthogonal representation V(B K ! - If V contains a copy of W, let V — i 
be the orthogonal complement of any copy of W in V. Let D(V) denote the unit 
disc in V, let S(V) denote dD(V), let S v denote the one-point compactification 
of V with the compactification point as basepoint, and let \V\ denote the (real) 
dimension of V . 
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Definition 1.1.1. A G-CW(V) complex is a G-space A together with a de- 
composition A = colim„ X n such that 

(1) X° is a disjoint union of G-orbits G/K such that K acts trivially on V, 
and 

(2) X n is obtained from A™ -1 by attaching "cells" of the form G Xk D(V — 
\V\ + n) where \V\ — n < \V K \. The attaching maps have the form 
G x H S(V- \V\ +n) 

Similarly, a relative G-CW(V) complex is a pair (X, A) where X = colim„ X n , X° 
is the disjoint union of A with orbits as in ([T]), and cells are attached as in (|2|). For 
notational convenience, and to remind ourselves of the role of V, we shall also write 
x v+n for x \v\+n_ if X = X v+n , then we say that X is (V + n)- dimensional. 

If we allow cells of any dimension to be attached at each stage, we get the weaker 
notion of a V -cell complex. If X is a V^-cell complex with cells only of dimension 
less than or equal to |V| + n, we say again that X is (V + n)-dimensional. 

Note that, if V = 0, then a G-CW(V) complex is just a G-CW complex in the 
sense of [3] and [21] , 

Definition 1.1.2. A based G-CW(V) complex is a based G space X with G- 
fixed basepoint * such that (X, *) is a relative G-CW(V) complex. 

Notice that, if (X,A) is a relative G-CW(V) complex, then X/A is a based 
G-CW(F) complex. 

Examples 1.1.3. Definitions II. 1.11 and 11.1.21 are motivated by the following 
examples. 

(1) As in |40j . [24] . and [47j . we say that a G- vector bundle p: E — * B is a 
V -bundle if for each b e B, p _1 (6) is isomorphic to as a representation 
of Gf,. Let denote the Thorn space of p and * its basepoint. If B is 
an ordinary G-CW complex, then Tp has an evident structure as a based 
G-CW(V) complex. Corresponding to each n-cell in B is a (V+ n)-cell in 
Tp. 

(2) Referring again to the references above, we say that a smooth G-manifold 
M is a V -manifold if its tangent bundle is a ^-bundle. Associated to any 
G-triangulation T of M is the dual cell structure. The top-dimensional 
cells in the dual cell structure are the orbits of the closed stars of the 
original vertices in the first barycentric subdivision, while the lower di- 
mensional cells are intersections of these. If G is finite, these cells form a 
G-CW(V) structure on M. Corresponding to each n-cell in T is a (V — n)- 
cell in the dual complex. In Section 11.41 we shall discuss what happens 
when G is infinite. 

(3) If G is finite and if X and Y are, respectively, a G-CW(K) and a G- 
CW(W) complex, then X x Y is a G-CW(yffilf) complex. In particular, 
if A is a G-CW complex, then X x D(V) has the structure of a G-CW(V) 
complex. This permits one to replace a G-CW complex by a homotopy 
equivalent G-CW(V) complex for any V. 

(4) In general, if A is a G-CW(V) complex and Y is a K-CW(W) complex, 
then X x Y is a (G x K)-CW(V © W) complex, where G acts trivially on 
y and W, and AT acts trivially on A and V. 
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The first two of these examples are the geometric motivations for the Thorn Iso- 
morphism and Poincare Duality theorems that we shall discuss in the last section 
of this chapter. 

We now want to show that Definition II. 1.11 gives a good cellular theory. To do 
this, we first need appropriate equivariant homotopy groups. 

Definition 1.1.4. Let /: X — » Y be a G-map and let K be a subgroup of 
G. We define the K -equivariant (V + i)th homotopy set of /, iry +i (f) (i may be 
negative where it makes sense), to be the set of G- homotopy classes of commutative 
diagrams 

Gx K S(V + i) >X 

f 

G x K D(V + i) >Y. 

This is functorial in / in the evident way. We say that ity + j (/) is trivial if it coin- 
cides with im(7ry +i (lx) — > ^y +i (f)), i-e., if every diagram as above is homotopic 
to one in which we can find a lift G x K D(V +i) — ► X. 

Definition 1.1.5. A G-map / : X —> Y is a (V + n)- equivalence if ny +i (f) is 
trivial for all K and all i < n for which the set is defined. The map / is a weak 
V -equivalence if it is a (V + n)-equivalence for all n. 

This is a natural generalization of the definition of n-connected map given in 
|49j (see his II. 3.1 and §11.7). In the case V = we should address the difference 
between our essentially unbased homotopy groups and the usual based groups, but 
it is not hard to see that our group Tti(f) vanishes if and only if all the based 
homotopy groups in(Ff) of all the homotopy fibers of / vanish. At the end of 
this section we shall discuss the relationship between (V + n)-cquivalcncc and other 
notions of equivalence. In particular, we shall show that / is a weak ^-equivalence 
if and only if it is a weak G-equi valence. 

We have the following variant of the "homotopy extension and lifting property" 
of [33]. 

Lemma 1.1.6 (H.E.L.P.). Letr: Y — > Z be a (V + n) -equivalence. Let {X,A) be 
a relative V -cell complex with cells of dimension < \V\+n. If the following diagram 
commutes without the dashed arrows, then there exist maps g and h making the 
diagram commute. 



A i <> A T 'l A 

A > Ax I i A 




X : > X X I< ; X 

l l\ 



The result remains true when n = oo. 

Proof. The proof is by induction over the cells of X not in A, so it suffices to 
consider the case A = G xk S(V + i) and X = G xk D(V + i). As in the picture 
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S(V+ i) x / 

g H \ h 




Figure 1. 



on the left of FigureH identify D(V + i) U [S(V + i) X I] with D(V + i) and use / 
and h to define a map G Xk D(V + i) —> Z that lifts to g on its boundary: 

G x K S(V + i)^^Y 



Gx K D{V + l )^Z. 

By assumption, this diagram is nomotopic to one in which we can find a lift k: Gx k 
D(V + i) — ► Y. Let iJ be the homotopy of g and J be the homotopy of / U h, 
as in Figure [1] Now distort the cylinder in that figure to become the picture 
on the right. On the far right end of this new cylinder, k and H combine to 
give a map g: G Xk D(V + i) — > Y, while the whole cylinder describes a map 
h: G x k D(V + i) X I — > Z . It is easy to see that these maps make the diagram in 
the statement of the lemma commute. □ 



Theorem 1.1.7 (Whitehead). 

(1) If f : Y — > Z is a (V + n)- equivalence and X is a (V + n — 1)- dimensional 
V -cell complex, then /* : ivGJC(X, Y) — > ttG.J^(X, Z) is an isomorphism, 
where ttGJ^(—,—) denotes the set of homotopy classes of G -maps. It is 
an epimorphism if X is (V + n)- dimensional. 

(2) If f : Y — > Z is a weak V -equivalence and X is a V -cell complex, then 
/* : ttGJ^(X, Y) — > t:GJ^(X, Z) is an isomorphism. Therefore, any weak 
V -equivalence of V -cell complexes is a G-homotopy equivalence. 

PROOF. For the first part, apply the H.E.L.P. lemma to the pair (X, 0) to get 
surjectivity and to the pair (X x I, X x dl) to get injectivity. The second part 
follows in the same way from the last statement of the H.E.L.P. lemma. □ 

Definition 1.1.8. A map /: X — > Y of G-CW(V) complexes is cellular if 
f(X v+n ) C Y v+n for each n. 

Theorem 1.1.9 (Cellular Approximation). If f : X — > Y is a map of 'G-CW(V) 
complexes that is cellular on a subcomplex A C X , then f is G-homotopic rel A to 
a cellular map. 

Proof. This follows easily from the H.E.L.P. lemma once we know that the 
inclusion Y v+n —> Y is a (V + n)-equivalence. By the usual induction this reduces 
to showing that there are no essential G-maps G/H x (D(V), S(V)) G/K x 
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(D(V + k), S(V + k)) for k > 0. But this follows from obstruction theory (see [3]), 
the obstructions vanishing for dimensional reasons. □ 

Theorem 1.1.10 (Approximation by G-CW(V) complexes). Let X be a G- 
space. Then there exists a G-CW(V) complex TX and a weak V -equivalence TX — > 
X. 

Proof. We use the usual technique of killing homotopy groups. We start with 
a union of 0-cells TqX and a G-map fo : TqX — > X such that Kg (fo) is trivial for all 
if acting trivially on V. Inductively, we assume that a (V — \V\ +n — l)-connected 
map fn-i'- r„_iX — * X has been constructed, and then attach cells to r„_iA in 
order to trivialize iTy_i v i +n (fn-i) f° r all K. We then take TX — colim n r„A. □ 

By Whitehead's Theorem, the map TX — > X is unique up to canonical ho- 
motopy equivalence. In addition, if / : X — > Y is a G-map then there is a G-map 
Tf: TX — » TY, unique up to G-homotopy, such that the following diagram com- 
mutes up to G-homotopy: 

r/ 

TX >TY 



X^Y 

In the remainder of this section we discuss the relationship between (V + n)- 
equivalence and other kinds of equivalence. The following definition first appeared 
in [45] and was also used in [26) . 

Definition 1.1.11. 

(1) A dimension function n* is a function from the set of conjugacy classes 
of subgroups of G to the integers. We write n K for the value of n* at the 
conjugacy class of K. If V is a representation of G, we write |V*| + n for 
the dimension function whose value at K is \V K \ + n. 

(2) Let n* be a dimension function. A G-map /: X — > Y is said to be an 
n* -equivalence if / : X K — > Y K is a nonequivariant n^-equivalence for 
all K C G 

Theorem 1.1.12. A G-map f : X -^Y is a (V + n)- equivalence if and only if 
it is a (|V*| + n)- equivalence. The map f is a weak V -equivalence if and only if it 
is a weak G- equivalence. 

The proof is based on the following two lemmas. 

Lemma 1.1.13. The pair (D(V + n),S(V + n)) can be given the structure of 
a pair of G-CW complexes in which the cells of the form G/K x D k satisfy k < 
\V K \+n. 

Proof. That (D(V + n),S(V + n)) can be given the structure of a pair of G- 
CW complexes follows from the fact that smooth G-manifolds can be triangulated 
[22] . If G/K x D k is a cell, then eK x D k C D(V + n) K , which clearly implies 
that k < \V K \ + n. □ 

Lemma 1.1.14. The pair (D(n), S(n)) is G-homotopy equivalent to a pair of 
G-CW(V) complexes of dimension V — \V G \ + n. 
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PROOF. If Vg = V — V G , we shall first show that D(Vg) is G-homotopy equiv- 
alent to a G-CW(y) complex of dimension V — \V |. Assuming this, we can then 
triangulate (D(n), S(n)) to get a pair of G-CW complexes of dimension n, and the 
product (D(ri) x D(V G ),S(n) x D(Vfc)) will be a pair of G-CW(V) complexes of 
dimension V — \V G \ + n that is G-homotopy equivalent to (D(n), S(n)). 

If G is finite, it is easy to put the correct structure on D(Vg) (see Exam- 
ple [TTTT31I2J) ) . The following argument is necessary when G is infinite. 

We'll prove a slightly more general result (necessary for an inductive argument): 
If H is a subgroup of G, W is a sub-7J-representation of V, and V — W contains at 
least i if-trivial summands, then the pair G Xh (D(V — i), S(V — W — i) x D{W)) 
is G-homotopy equivalent to a pair of G-CW(V) complexes of dimension V — i (we 
consider S(V - W - i) x D{W) C D(V -W -i)x D{W) £>(V - i) as usual). 
We shall prove this by induction on the subgroup H. 

The beginning of the induction is the case where H = e. In this case, (D(V — 
i), S(V — W — i) x D{W)) can be given a nonequivariant triangulation of dimension 
|V| — i, and crossing with G gives the necessary structure. 

Now assume the result for all proper subgroups of H . We may as well assume 
that H = G, since an H-CW(V) structure on Y gives a G-CW(V) structure on 
G Xh Y. First assume that W contains a trivial summand 1 and consider the 
pairs (D(V -i-l), S(V -W-i)x D{W - 1)) and (D(l), S(l)). If we can show 
that the first pair is G-homotopy equivalent to a G-CW(V) complex of dimension 
V — i — 1, then, using an ordinary triangulation of D(l), we get a G-CW(V) complex 
of dimension V — i equivalent to D(V — i) = D(V — i — 1) x -D(l), and it is not 
hard to see that S(V — W — i) x D(W) is equivalent to a subcomplex. A similar 
argument holds if V — W — i contains a trivial summand. 

This leaves the case where V — i contains no trivial summands. It suffices to 
show that (S(V - i), S(V -W-i)x D(W)) is equivalent to a G-CW(V) complex 
of dimension V — i — 1, since we then get D(V — i) by attaching one (V — z)-cell, the 
interior. Now give (S(V — i), S(V — W — i) x D(W)) an ordinary G-triangulation, 
which will have dimension \ V | — i — 1. Taking the dual cells, we get a "cell structure" 
in which the cells have the form G x K D(V - V{G/K) - j) where V(G/K) is the 
tangent representation at the identity coset in G/K and j > i + 1. Notice that 
if is a proper subgroup of G, since V — i has no trivial summands. Now, by the 
inductive hypothesis, we can approximate the pair 



G x K [(D(V - V(G/K) - j), S(V - V(G/K) - j)) x D(V(G/K))] 

= Gx K [D(V - j), S(V - V(G/K) - j) x D(V(G/K))} 



by a pair of G-CW(V) complexes of dimension V —j, and attach that approximating 
pair (using cellular approximation of the attaching map) instead of the original dual 
cell. This constructs a G-CW(F) pair of dimension V — i, G-homotopy equivalent 
to (S(V - i), S(V — W — i)) as required. □ 
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PROOF of 11.1.121 Suppose first that / : X — ► Y is a (V + n)-equivalence, and 
that K C G. Let i < \V \ + n and consider the diagram 

G Xk S(i) — X 

f 

Gx K D(i)^^Y 

By Lemma \l. 1.141 the pair (D(i), S(i)) is i^-homotopy equivalent to a pair of K- 
CW(V^) complexes of dimension V - \V K \ + i < V + n. The H.E.L.P. lemma then 
implies that there is a (3: G x^ D(i) — > X extending a such that / o (3 ~ (3. Thus, 
f K : X K —> Y K is a (IV^I + n)-equivalence for every K, hence / is a (|V*| + n)- 
equi valence. 

Conversely, suppose that /: X — > Y is a (|V*| + n)-equivalence. Let i < n and 
consider the diagram 

Gx K S{V + i)^^X 
f 

G x K D(V + i)^-^Y 

By Lemma Tl. 1.131 the pair G Xk (D(V + i), S(V + i)) can be given the structure 
of a pair of G-CW complexes in which the cells of the form G/L x D k satisfy 
k < \V L \ + i < \V L \ + n. By induction on the cells we can again find a G-map 
j3: G x K D(V + i) -> X extending a such that / o ~ /3. Thus, /: X -> Y is a 
(V + n)-equivalence. 

The last statement of the theorem is an immediate consequence of the first. □ 

Here is another consequence of Lemmas 11.1.131 and 11.1.141 

Theorem 1.1.15. A G-space X has the G-homotopy type of a G-CW complex 
if and only if it has the G-homotopy type of a G-CW(V) complex. 

1.2. Ordinary homology and cohomology 

We now turn to the construction of ordinary equivariant homology and coho- 
mology graded on RO(G). The orbit category Gq is the topological category whose 
objects are the orbit spaces G/H and whose morphisms are the G-maps between 
them. We topologize the mapping set &g(G/H, G/K) as the space (G/K) H . Write 
&G for the stable orbit category, the category of G-orbits and G-homotopy clases 
of stable G-maps between them (see [28] and [291 §V.9]). As in [28] we take a 
Mackey functor to be an additive functor &q — > Ab where Ab is the category of 
abelian groups, (see also [18] . [25] . and [19] ). If we want to specify the group G, 
we shall refer to a G-Mackey functor. Mackey functors can be either covariant or 
contravariant. When G is finite the variance is irrelevant because is self-dual 
( [25] . [29] ). However, when G is infinite the variance is important, since Gq is not 
self-dual. We shall write a bar above or below to indicate variance; for example, T 
will denote a contravariant functor, and S_ will denote a covariant one. 

This definition is a special case of the following more general definition. 

Definition 1.2.1. Let srf be a small preadditive category (that is, its horn sets 
are Abelian groups and composition is bilinear) . Define an si -Mackey functor to 
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be an additive functor from stf to Ab, the category of abelian groups. We shall 
write T for a contravariant Mackey functor, and S_ for a covariant Mackey functor. 
We define 

Honw(T,l7) 

to be the group of natural transformations from T to U, and similarly for covariant 
Mackey functors. We define 

T® rf S = S®^T = / T{a)®S{a) 



^T{a)®S{a) 



where the sum extends over all objects a in srf and we impose on the sum the 
equivalence relation generated by 

(a*x) ® y ~ x ® (a*j/) 

when a: a — > a' is a map in a; G T(a') and y S 5(a). 

Let i§? be another small preadditive category and let F : srf — > 38 be an additive 
functor. If f7 is a contravariant ^"-Mackey functor and 5 is a covariant ^"-Mackey 
functor, define 

F*U = UoF 

and 

F*5 — S_o F. 

If T is a contravariant .cZ-Mackey functor, define the contravariant ^"-Mackey func- 
tor FjT by 

(F,T)(6) = £ T{c 

fc— F(a) 

where the sum extends over all maps in 38 of the form b — ► F(a), and we impose 
on the sum the equivalence relation generated by 



Fla) 

b^F(a) >F(a') 



(a*t)b— f(o) 



for a : a — > a' in «e/ and f e T{a'). Similarly, if i? is a covariant ^-Mackey functor, 
define the covariant ^"-Mackey functor F*R by 

F(a)^b 

with the equivalence relation generated by 

r F (c) , ~ (a«' , )f(a)^- 

F(o') >F(a)^b v ' 

These definitions could be made more generally, not requiring the categories 
and 3§ to be preadditive. In all of our applications the categories will be preadditive 
and the functors additive, so it is simpler to just assume these conditions from the 
outset. 

We have the following very useful examples of Mackey functors. If a is an 
object of £/, let A a be the ^/-Mackey functor defined by A a — srf{—,a), and let 
A a be defined by A a = si/ (a, -). 

The following facts are standard and straightforward to prove. 



Proposition 1.2.2. 
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(1) For any object a of we have the following isomorphisms, natural in a 
as well as in T or S_. 

Homrf (A a , T) = T(a) 

A a ®^S^ S(a) 
Rom^(A a ,S)^S(a) 

A a ®^T = T(a) 

(2) The functor F* is left adjoint to F* . That is, 

Hom<g(F*T,U) S Uom^(T,F*U) 

and similarly for covariant Mackey functors. 

(3) We have isomorphisms 

FjT ® m S^T®^ F*S 

and 

U ®ss F*R = F*U ®^ R. 

(4) We have the following isomorphisms, natural in a. 

F*A a = ^F(a) 

and 

F*A a S A F(a) 

(5) F* is exact and F* is right exact. □ 

Returning to the context of G-Mackey functors, we shall be using quite often 
the Mackey functors Aq/k and A°I K . We think of these as free Mackey functors 
because of the isomorphisms 

Kom §G {A G/K ,T)^T{G/K) 

and 

Hom^(A G / K ,S) = S(G/K), 

given in the preceding proposition. The isomorphism is given in each case by 
sending a homomorphism / to /(Ig/a:)- Thus, we think of {Iq/k} as a basis 
for either A G / K or A G ^ K . In general, we shall use the term free Mackey functor 
for a direct sum of Mackey functors of the form Aq/ k or A^^ . If, for example, 
T = J2i Ac/Kit we think of the elements lo/Ki £ T(G/Ki) as forming a basis 
of T. The Mackey functors A G/K and A G/K are also known as the canonical 
projectives, as the isomorphisms above make clear that they are projectives in 
the categories of contravariant and covariant Mackey functors, respectively. As we 
shall see, these Mackey functors play much the same central role in the theory of 
equivariant homology and cohomology as does the group Z nonequivariantly. 
Now let X be a G-CW(V) complex with skeleta X v+n . Then clearly 

x V+n /x V+n-l = \J G+ Am S V + n , 

where the wedge runs over the (V + n)-cells of X. 
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Definition 1.2.3. Let X be a G-CW(V) complex. The cellular chain complex 
of X, Cv+*{X), is the differential graded contravariant Mackey functor specified 
on objects by 

C v+ n{X)(G/H) = {G/H+ AS v+n ,X v+n /X v+n - 1 } G , 

where { — , — }g denotes the group of stable G-maps. The differential is given in the 
usual way by the G-map X v+n /X v+n - 1 -> j:x v+n ~ 1 / X v+n ~ 2 . 

Gy + „(A) is a free Mackey functor. Precisely, if 

x V+n/ X V+n-l =\J G+ Ai? . S V+n 

as above, then 

Cv+n(X) = ^ A G / H . . 

A basis is given by the set of inclusions 

G+ f\ Hj S v+n ^\/G + A Hi S v+n . 

It follows that 

Homg a {C v+n {X),T) =YT(fl/Hi) 

and 

c v+n {x)®g G s = Y.^ G l H ^- 

In both cases the induced differential can be understood as coming from the at- 
taching maps of the cells. 

Definition 1.2.4. Let T be a contravariant Mackey functor and let S_ be a 
covariant Mackey functor. Let X be a G-CW(V) complex. We define the (V + n)th 
ordinary homology of X , with coefficients in S_, to be 

H$ +n {X-S) = H v+n (C*(X) ® 8g S). 

and we define the (V + n)th ordinary cohomology of X, with coefficients in T, to be 

H^+ n (X;T) = H v+n (Romg G (C4X),T)). 

Homology is covariant in X and we consider it contravariant in G-linear isometries 
V — > V. Cohomology is contravariant in X and we consider it covariant in G-linear 
isometries V — > V. 

Definitions 11.2.31 and 11.2.41 extend to relative G-CW(V) complexes in the ob- 
vious way. If X is a G-CW(V) complex and A is a subcomplex, then C*(X,A) = 
C*(X)/C*(A) and the usual homological algebra gives long exact sequences (with 
any coefficients) 

> H v+n(A) -> Hy +n (X) -> H v+n (X, A) -> i?y + „_ 1 (A) -> • • ■ 

and 

► i^+"(A, A) -» Hl +n {X) -» ir£ +n+1 (A,A) 

As usual, if X is a based G-CW(K) complex, we define the reduced homology and 
cohomology of A by 

and 

il£+«(X)=i^+»(X,*). 
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If (X, A) is a relative G-CW(V) complex, then 

H$ +n (X,A)=H$ +n (X/A) 

and 

Hg +n (X, A) = Hl +n {X/A) 

We extend to arbitrary G-spaces by approximating, up to weak G-equivalence, 
by G-CW(V) complexes. We make homology and cohomology functorial on homo- 
topy classes of G-maps by using cellular approximation of G-maps. Following |34l 
XIII. 1], given V and W, two representations of G, we define 

H vew( x ) = H$(Y, W X) 

and 

where V W is the "formal difference" of V and W. Loosely speaking, this gives 
a theory graded on RO(G), since the groups Hy QW (X) and H^ ew (X) are deter- 
mined up to isomorphism by the equivalence class of V © W in RO(G). However, 
if we want to avoid sign ambiguities coming from the phrase "up to isomorphism," 
we should view these groups as functors on triples (X, V, W) . We will use the 
well-established term 11 RO (G)-graded" to describe these theories from now on. 

The main properties of i?0(G)-graded ordinary homology and cohomology are 
summarized in the following theorem. These properties are generalizations of those 
given by Wirthmiiller in [50] . The algebra of Mackey functors and the associated 
notation used in the last five parts of the theorem will be explained in Sections 11.51 
and II .61 where those parts will be proved. 

Theorem 1.2.5 (Ordinary i?0(G)-Graded Homology and Cohomology). Let X 
be a based G-space, let a denote V W, let S_ and T be respectively a covariant and 
a contravariant Mackey functor. Then the abelian groups H^(X;S_) and Hq(X; T) 
are homotopy functors on the category of triples (X, V, W) and satisfy the following 
properties. 

(1) The functor H^(—;S_) is exact on cofiber sequences and send wedges to 
direct sums. The functor Hq(—; T) is exact on cofiber sequences and send 
wedges to products. 

(2) There are suspension isomorphisms 

a z : H$(X;S) ^ H% Z {Y? ' X-S) 

and 

g z : H%{X;T) H^® z {Y, z X-T). 

These isomorphisms are natural in the sense of |34l XIII. 1.1] and satisfy 
o~z' ° o~z = o~z®z' ■ 

(3) (Dimension Axiom) If we restrict a to be an integer, then these groups 
coincide with Bredon's ordinary homology and cohomology ([3] and |21j ). 
In particular, they satisfy the dimension axiom in the following form: As 
functors on the stable orbit category, we have isomorphisms 
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T ifn = 
if n ^ 



for integers n. 

(4) (Wirthmiiller Isomorphism) If K C G there is an isomorphism 

H°(G + A K X;S)^H« K (X;S\K), 

and similarly in cohomology. In cohomology, the composite 

JTg(X;T) -» H«{G + A K X;T) - H$ K (X;T\K), 

where the first map is induced by the projection G/K — > *, is called re- 
striction to K and is denoted by a i— » a\K . In homology, if G is finite, 
there is a similar restriction map given by the composite 

H°(X;S) -> HS(G+ A k X;S) £ H% K (X; S\K), 

where the first map is induced by the stable map * — > G/i£ ditaZ to the 
projection. When G is infinite, there is again a restriction in homology, 
but with a shift in dimension. We shall discuss this further in Section \1.5\ 

(5) If K is a normal subgroup of G then there is a natural restriction to fixed 
sets 

HS(X;S)^H^ K (X K ;S K ), 

and similarly in cohomology; we shall denote this a *— > a K . This restriction 
respects suspension in the sense that the following diagram commutes: 

H$(X;S) ^ >H$ @z p z X;S) 



{-) K 



(-)* 



H°L K (X";S K )^H%l ZK (& K X«;S K ) 

Restriction to fixed sets respects restriction to subgroups in the sense that, 
if K C L, then (a\L) K = a K \{L / K) . It also has the property that the map 

S{G/G) £ H<f{S°;S) -^-^ H^ /K (S°;S K ) ^S K {G/G) 

coincides with the natural projection. We shall also write a K for (a\NK) K 
when K is not normal in G. 
(6) There is a natural associative cup product 

-U-: Hg(X;T)®H^{Y;U) -> H^ +P {X A Y;TD U). 

If T is a ring (i.e., a Green functor) and Z — » X A Y is a map (e.g., a 
diagonal Xj (AU B) — > X/A A Xj B ), we also write x U y for the induced 
map 

- U - : Hg(X;T)®HP(Y;T) -> H* +P (Z;T). 

This cup product satisfies (x U y)\K — (x\K) U (y\K) and (x U y) K = 
(x K )U(y K ). 



1.2. ORDINARY HOMOLOGY AND COHOMOLOGY 



17 



(7) There is an evaluation map 

(-, -) : Hq(X;T) ® H° +/3 (X;S) -> H$(S°;TV S). 

This evaluation is natural: if f: X Y , then (y,f*(x)) = (f*(y),x). It 
satisfies (x,a)\K = (x\K,a\K) and (x,a) K = (x K ,a ). 

(8) More generally, there is a cap product 

-D-: ^(F;T)®f a G +/3 (lAF;S)^^(I;TvS). 

77ms cap product is natural in the usual sense: if f: X — > X' and 5 : F — » 
y' tfiera y' Pi (/ A g)*(z) = f*(g*(y') Hz). It satisfies (w U y) C\ z = 
wn(ynz), (j/n«)|i<r = n 0|70, and (j/nz) K = y K (~]z K . Further, 

((x U J/),^) = (i,!/nz). If d: Z ^ X AY is a map (e.g., a diagonal 
X/(A UB) -t A/A A X/Bj, we afeo write y n z for y n d*(z). 

The first three parts of the theorem are proved in the usual way. The remaining 
parts will be proved in Sections 11.51 and 11.61 where they will also be restated more 
generally in terms of spectra. 

Remark 1.2.6. The Wirthmiillcr isomorphism in homology given in part (TJJ 
above is the map of the same name discussed in 29, §11.6], although at first they 
may look different. The isomorphism given in |29j is 

E?(G k k Y) = E^(T, V ^ K ^Y) 

for any G-spectrum E and if-spectrum Y, where V(G/K) is the tangent repre- 
sentation at the identity coset of G/K. The two isomorphisms agree because the 
restriction to K of the G-spectrum representing ordinary G-homology does not rep- 
resent ordinary if-homology, but ordinary JT-homology with a shift in grading of 
V{G/K). We shall have more to say about this in the next section. 

Definition 1.2.7. If hf (— ) is a reduced i?0(G)-graded homology theory in the 
sense of [50] or [341 XIII. 1], write h a for the covariant Mackey functor whose value 
at G/K is h^(G / K + ). Similarly, if h G (—) is a reduced _RO(G)-graded cohomology 
theory, let h G denote the contravariant Mackey functor whose value at G/K is 
h G {G/K + ). 

The Atiyah-Hirzebruch spectral sequence generalizes as follows (cf. 2, §12]). 

Theorem 1.2.8 (Atiyah-Hirzebruch Spectral Sequence). Suppose that hf(-) 
is a reduced RO{G)-graded homology theory. Let a and [3 be elements of RO(G). 
Then there is a strongly convergent spectral sequence 

Ep,q = Ha+p(X\hp + ^) =4> h a+ p +p+q (X). 

Similarly, if h* G {—) is a reduced RO(G)-graded cohomology theory, there is a con- 
ditionally convergent spectral sequence 

E™ = H^ +p (X;h p G +q ) h% +p+p+q (X). 

PROOF. This spectral sequence arises in the usual way: If a = V W, let 
X a+n denote the (V + n)-skeleton of a G-CW(V) approximation of H W X. This 
skeletal filtration leads to an exact couple, upon applying either h* G {—) or hf(—), 
which gives the spectral sequence. □ 
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Behind this proof are the useful facts that 

C v+n (X, *) ® Sg S = H^X^/X^- 1 ;^) 

and 

Homg G (C v+n (X,*),T) - Hl+ n {X v+n /X v + n - 1 -T). 

Corollary 1.2.9 (Uniqueness of Ordinary i?0(G)-Graded Homology). Let S_ 
be a covariant Mackey functor. Let h a (— ) be a reduced RO(G)-graded homology 
theory obeying the dimension axiom as in part of Theorem \1.2.5[ with h = S_. 
Then there is a natural isomorphism h G (—) = H G (—;S_). Similarly, if T is a 
contravariant Mackey functor and h* G (—) is a reduced RO{G)- graded cohomology 
theory obeying the dimension axiom with = T, then h* G {—) = Hq(—;T). 

Proof. There is an Atiyah-Hirzebruch spectral sequence 

Ep >q = H G +p (X;h G ) h G +p+q {X) 

(and similarly for cohomology). The spectral sequence collapses to the line q = 
when h G (—) satisfies the dimension axiom. □ 

Also useful is a universal coefficients spectral sequence. The canonical pro- 
jectives, used as coefficients here, are the universal coefficients, in the same sense 
that 1 is in nonequivariant ordinary homology. Write H G (X) for the contravariant 
Mackey functor given by 

H G {X)(G/K)=H G {X-A G > K ). 
Note that, with this notation, we have 

C v+n (X, *) £ H^X^/X^- 1 ). 

ToT e ° and Ext g a below are the derived functors of ® g G and Horn g respectively. 

Theorem 1.2.10 (Universal Coefficients Spectral Sequence). If S_ is a covari- 
ant Mackey functor and T is a contravariant Mackey functor, there are spectral 
sequences 

El q = Torf G (H G +q (X),S) =► H G +p+q (X;S) 

and 

E™ = E^g G (H^ +q (X),T) => H^ + \X-T). 

Proof. These are constructed in the usual way by taking resolutions of S_ and 
T and then taking the spectral sequences of the bigraded complexes obtained from 
the chain complex of X and the resolutions. □ 

Remark 1.2.11. Bredon's original integer-graded theories can be defined using 
unstable versions of all of the above. In particular, we use the homotopy orbit 
category h&Q rather than the stable orbit category. A useful consequence for our 
theories is that there is an "unstable" universal coefficients spectral sequence in 
integer grading: 

El q = Tor h /°(H G (X),S) H G +q (X;S). 

Here, 

H G (X)(G/K) = H G (X;B G / K ) 
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where B G/K (G/J) = Z[G/K,G/J] G , the free abelian group on the set of G- 
homotopy classes of unstable G-maps. Looking at orbits, one can see that, in 
fact, 

H G (X)(G/K) = H G (X;B G/K ) S H q (X K /W K;Z) 
where WqK is the identity coset of WK — NK/K. 

1.3. The representing spectra 

In this section we discuss the equivariant spectra representing ordinary homol- 
ogy and cohomology. There are now a number of models of equivariant spectra 
available. For our purposes in this section it does not matter much which we use, 
because they all give equivalent stable categories. The orthogonal spectra of [32] 
have good formal properties, but the prespectra of [29] and [32] are perhaps best 
suited for discussions of representing cohomology theories. Moreover, we shall need 
to use presepectra later in the parametrized case. We shall use the term "spec- 
trum" to mean any convenient model, but where we have to be specific we shall 
use G-prespectra. We borrow freely from the notations used in [29] . 

We begin with the spectrum HT representing ordinary cohomology with co- 
efficients in T . Constructions have previously been given or announced in several 
places, including [28], [10], [26], and [H]. By Corollary EH] HT is unique up to 
weak G-equi valence, and is characterized by its homotopy: 

r, [T ifn = 

tt? (HT) s < 

for integers n. Here, 

Tf G (HT)(G/K) = ?rf (HT) = [S™S°°G/^ + , HT] G 

where Y,°°X is the suspension spectrum associated to the based G-space X, and 
[— , — ]a denotes the homotopy group of stable G-maps of spectra (i.e., the maps 
we obtain by inverting weak equivalences). It suffices therefore to construct a G- 
spectrum with that homotopy; we shall of course call such a spectrum an Eilenberg- 
Mac Lane spectrum of type T. 

Theorem 1.3.1. If T is a contravariant Mackey functor, there exists a G- 
CW Eilenberg- Mac Lane spectrum of type T. This G-CW spectrum is unique up to 
G-homotopy equivalence. 

Proof. As mentioned above, constructions of this spectrum have been given 
elsewhere several times. We give here a simple construction that we can modify 
later to construct other interesting spectra. 

First, it is clear that there exists an orbit-wise epimorphism F — > T where F 
is a free contravariant Mackey functor, 

i 

Let 

X° = \/ S 00 (G/ff l )+ = \I(G/H l )+ A S°. 
Then X° is connective and 

T G (X°) = F. 
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We can now kill the kernel of F — > T by attaching 1-cells, by which we mean 
taking the cofiber of a map \J(G/ Hj) + A S° — > X°. This gives a spectrum X 1 with 
^(X 1 ) = T. We then kill the higher homotopy groups inductively by attaching 
higher dimensional cells. This gives a G-CW Eilenberg-Mac Lane spectrum of type 
T. Since Eilenberg-Mac Lane spectra are unique up to weak G-equi valence, G-CW 
Eilenberg-Mac Lane spectra are unique up to G- homotopy equivalence. □ 

Eilenberg-Mac Lane spectra behave well on passage to subgroups and fixed- 
sets. Recall from [29, 1.3.7] that, if E is a G-spectrum indexed on a complete 
G-universe then there is a VFif-spectrum E K indexed on ^ , called the in- 
fixed point spectrum, given on the prespectrum level by E K (V) — E(V) K for each 
Wif-invariant subspace V C % . There is an adjunction 

[D,E K ] WK Si [e*£>, E] NK . 

Here, D is a WK-spectrnm indexed on °i/ K and SD is the N K -spectrum obtained 
by first letting NK act on D via the projection e: NK — * WK, then expanding 
the universe from a M K to °i/ . 

PROPOSITION 1.3.2. Let HT be a G -Eilenberg-Mac Lane spectrum of type T, 
and let K be a subgroup of G. Then HT, regarded as a K-spectrum, is again an 
Eilenberg-Mac Lane spectrum, with 

[E°°K/L + ,HT}k = T(G/L) 

for L C K. Also, (HT) K is a WK -Eilenberg-Mac Lane spectrum, with 

[Z°°WK/(L/K) + , (HT) K ] WK Si T(G/L) 

forKcLd NK. 

Proof. For the first claim, we have 

[E n 'E°°K/L + , HT]k = [E n T,°°G/L + ,HT]G 
= <{HT) 

„ \T{G/L) if n = 



1° 



if n ^ 0. 



For the second, we have 

[Z n -£°°WK/(L/K) + , (HT) K ] WK = [T, n Z°°NK/L + ,HT] N K 

Si [S™E°°G/i + , HT]g 

again. □ 

Now for homology. Let S_ be a covariant Mackey functor; we shall construct a 
spectrum HS_ representing ordinary homology with coefficients in S_. (The existence 
of such spectra was noted in |34[ XIII. 4], where they were denoted by JS_.) By 
Corollary ll.2.9[ HS_ is unique up to weak G-equi valence, and is characterized by 
its homotopy in this sense: 



[S n ,G/K + AHS} c 



(S(G/K) ifn = 
jo if n 7^0, 
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for integers n, naturally in G/K. It suffices therefore to construct a G-spectrum 
with that homotopy; we shall call such a spectrum a Mac Lane-Eilenberg spectrum 
of type S_. 

In order to relate this characterization of Mac Lane-Eilenberg spectra to that 
of Eilenberg-Mac Lane spectra, recall from [291 II. 6. 3 & §111.2] that the dual of 
the orbit G/K is D(G/K+) = G H K S- V( - G ' K "> where V{G/K) is the tangent 
if-representation at eK S G/K . Thus, 

[S n , G/K+ A HS] G S [E n D(G/K + ),HS] G . 

Definition 1.3.3. If X is a G-spectrum define the nth dual homotopy groups 
of X by 

t*{X) = [E n D(G/K + ),X] G S [S n ,G/K + AX] G . 
Also, let t~(X) be the covariant Mackey functor defined by 

With this notation we can rewrite the characterization of HS_ as 

If G is finite, V(G/K) = for all K and D{G/K+) = H°°G/K + . As a consequence, 
Mac Lane-Eilenberg spectra are Eilenberg-Mac Lane spectra, and the two notions 
are coextensive. However, when G is infinite they are quite different. 

Theorem 1.3.4. If S_ is a covariant Mackey functor, there exists a G-CW 
Mac Lane-Eilenberg spectrum of type S_. This G-CW spectrum is unigue up to G- 
homotopy equivalence. 

Proof. We "dualize" the construction of Eilenberg-Mac Lane spectra we gave 
above. First, it is clear that there exists an orbit-wise epimorphism F_ — + S_ where 
F_ is a free covariant Mackey functor, 

F = J2A G/Hi - 

i 

Let 

X° = \jD((G/H % ) + ), 

then, by duality, 

_nV ' [£ ifn=0. 

We can now kill the kernel of F — > S_ by attaching "dual" 1-cells, by which we mean 
taking the cofiber of a map V D((G/Hj) + ) A S° — > X°. This gives a spectrum X 1 
with t^(X 1 ) = S_ naturally in G/K. We then kill the higher dual homotopy 
groups t~ (X n ) inductively by attaching higher dimensional dual cells. This gives 
a Mac Lane-Eilenberg spectrum of type S_ of the G-homotopy type of a G-CW 
spectrum; since Mac Lane-Eilenberg spectra are unique up to weak G-equivalence, 
G-CW Mac Lane-Eilenberg spectra are unique up to G-homotopy equivalence. □ 

We shall return to the idea of "dual" cells in the next section. 

Mac Lane-Eilenberg spectra do not behave well on passage to fixed-sets (how- 
ever, see Corollary 11.5. 13[) . but they behave reasonably well on passage to sub- 
groups. 
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Proposition 1.3.5. Let HS_ be a G -Mac Lane- Eilenberg spectrum of type S_, 
and let K be a subgroup of G. Then the K -spectrum Yy^ G / K ^HS_ is again a 
Mac Lane- Eilenberg spectrum, with 

t^(j: v ^ g/k) hs)(k/l) = [d(k/l+),j: v(g ^ k '>hs}k = s(g/l) 

for LcK. 
Proof. 

[^ n D(K/L + ),^ G / K ^HS] K = \S n K k l S- v W L \YrWHS\ K 

S \E»V- V (G/K) K Kl s- v ^ l \HS] k 

= [E n K k l S- v{g/l \HS\ k 

since V{G/K) V(K/L) = V{G/L) 
S [£™G k l S- V{G/L \HS] G 
- [£"D(G/I, + ),ifS] G . 

□ 

1.4. Dual complexes and the dual theories 

If G is finite, then the spectrum HT representing ordinary cohomology also 
represents ordinary homology, so these theories are dual in the usual sense. How- 
ever, if G is infinite, then ordinary homology and cohomology are represented by 
different spectra, and so are not dual theories. In this case, there are two more 
theories to consider, the duals of the ordinary theories. Following convention, we 
write theories defined on spectra without tildes. 

Definition 1.4.1. If T is a contravariant Mackey functor, let dual (ordinary) 
homology theory, Jf? G (— ;T), be the homology theory on spectra represented by 
HT. If S_ is a covariant Mackey functor, let dual (ordinary) cohomology theory, 
Mq(—;S), be the cohomology theory on spectra represented by HS_. If X is a 
based G-space we write Jt? G (X; T) — ,yf G (TP°X; T) and similarly for cohomology. 
If X is an unbased G-space we write J4? G (X;T) — J^f G (X + ;T) and similarly for 
cohomology and for pairs. 

Once again, if G is finite, Jf G (-; T) =H G (-;T) where T denotes T considered 
as a covariant functor by the self-duality of 0q- Similarly, Mq{— ; S) = Hq(—; S). 
Therefore, the discussion in this section is relevant only for infinite groups. 

The dual theories satisfy a list of properties related to those of ordinary ho- 
mology and cohomology; we state most of them for spectra for convenience. We 
use repeatedly the fact mentioned in the preceding section, that D{G/K + ) = 
Gk k S- v( * g / k I 

Theorem 1.4.2. Let X be a G-spectrum. Let a denote VQW and let S andT 
be respectively a covariant and a contravariant Mackey functor. Then the theories 
^q(X;S_) and J^ G (X;T) satisfy the following properties. 

(1) (Dimension Axiom) They satisfy the following dimension axioms. 

x*mGiK + m*\l {GIK) %f ; = j' 

[0 ifn^Q, 
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J^(D(G/K + );S) 



is(G/K) ifn = 0, 

for integers n, naturally on the stable orbit category. 

(2) (Wirthmuller Isomorphism) If K C G and X is a K-spectrum, there is 
an isomorphism 

,^(G <k k (S-^'AI);?) S Jt« K (X;T\K), 

and similarly in dual cohomology. In dual homology, the composite 

,^{X-T) -» Jtf£(D(G/K+) AI;T) 

* ^ Q G (G K K (S~ v(g/k) A X);T) 

^^(X;T|iC), 

where the first map is induced by the dual of the projection G/K —> *, 
«s called restriction to K and is denoted by a \— » a|if. There is a similar 
restriction in cohomology, but with a shift in dimension. We shall discuss 
this further in Section \1.5l 

(3) If K is a normal subgroup of G then there is a natural restriction to fixed 
sets 

j? a G (X;T) -> je£/ K (* K (xy t T K ), 

and similarly in dual cohomology; we shall denote this a i— ► a . (We shall 
discuss the construction <§> K in the next section; if X is a G-space then 
$ K (Y,°°X) ~ E°°Z .J This restriction respects suspension and restric- 
tion to subgroups in the same way that restriction to fixed sets does for 
ordinary homology and cohomology, and its evaluation at a point again 
gives the projection. We shall also write a K for (a\NK) K when K is not 
normal in G. 

(4) There is a natural cup product 

-U-: Hg{X;T)®jeg(Y;S) ^,^ +P {X AY;TVS). 

This cup product is associative in the sense that (xUy)Uz — xU(yUz) for 
x G Hq(X), y £ Hq(Y) and z £ This cup product also satisfies 

(xlly)\K = (x\K)U(y\K) and(xUy) K = (x K )U(y K ). If d: Z -> X AY 
is a map we also write xUy for d* (x U y). 

(5) There are evaluation maps 

(-,-): J^(X;S)®^ a %(X-,T)^HC(S-,Ss7T) 

and 

<-,-): H^X-T) ®^ +f} {X-U) - ^{S-TUU). 

These evaluations are natural in the usual sense: if f : X — > Y , then 
{Vif*i. x )) = {f*{y)i x ) ■ They also satisfy (x,a)\K — (x\K,a\K) and 
(x,a) K = (x K ,a K ). 

(6) If X and Y are G -spectra, there are cap products 

-n-: J^(Y;S)®J^ + p(XAY;T)^H^{X- 1 SvT) 

and 

-D-: H%(Y;T) ® je£ +l3 (X AY;U) J^ p G (X ;T DU) . 
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These cap products are natural in the usual sense: if f: X — > X' and 
g: Y — > Y', then y' n (/ A g)*(z) = f*{g*(y') H z). 27ie?/ afeo safe/?/ 
(xUy)na = xr%na), (x[~la)|A = (x|A)n(a|A), and (xHa)^ = x K C\a K . 
Further, (x U y, a) = (x, y D a) . If d: Z ^ X AY is a map we also write 
y fl z for y n d*(z). 

The dimension axiom follows from the definitions of the dual theories. The 
remaining properties will be proved in the next two sections. 

In the remainder of this section we shall show that the dual theories can be 
computed from chain complexes based on "dual cell complexes," which we now 
define. Although we shall see important examples of such cell complexes on the 
space level, the theory of these complexes is intrinsically stable. 

Definition 1.4.3. Let V be a virtual representation of G. A dual V-cell is a 
spectrum of the form D(G/K + ) A CS v+n for some (possibly negative) integer n, 
where C denotes the cone. The boundary of such a cell is D(G/K + ) A S v+n , and 
its dimension is \V\ + n + 1. 

Definition 1.4.4. Let V be a virtual representation of G. A dual V-cell 
spectrum is a filtered G-spectrum 

X = colimA„, 

n>0 

where Xq = * and, for n > 0, each X n is obtained from A n _i by attaching a wedge 
of dual 1^-cells along their boundaries. We call {A„} the sequential filtration of X. 
A dual V^-cell spectrum A is a dual G-CW(V ) spectrum if each cell of dimension n 
is attached only to cells of dimension less than n; for such a spectrum we let the 
skeleton X n be the subspectrum consisting of all the cells of X of dimension no more 
than n, and call {A™} the skeletal filtration of A. As with G-CW(V) complexes, we 
shall usually write X v+n for X^ v ^ +n . If (A, A) is a pair of G-spectra, we define a 
relative dual F-cell or G-CW(V) structure on (A, A) in the obvious way, by taking 
Ao = A. A G-map X — » Y of dual G-CW(V) spectra is cellular if it respects the 
skeletal filtrations. 

Examples 1.4.5. 

(1) As an example of a dual G-CW spectrum, we have the Mac Lane-Eilenberg 
spectrum HS_ constructed in the preceding section. 

(2) The dual of a finite G-CW(V) spectrum has a dual G-CW(-V) structure. 
Explicitly, if A is a finite G-CW(V) spectrum, then the duals D(X/X v+n ) 
give a skeletal filtration of DX as a dual G-CW(-V) spectrum. 

(3) If V is a representation of G and M is a smooth V^-dimensional G-manifold 
with a G-triangulation, then the dual cell structure on M (as described 
in Example [TXUll)) gives a dual G-CW(V) structure to E°°M+. This is 
the motivation for the following space level definition. 

Definition 1.4.6. Let V be a representation of G. A dual G-CW(V) complex 
is a G-space A together with a decomposition A = colim„ A" such that: 

(1) A is a disjoint union of or more G-orbits G/K such that G/K is discrete 
and K acts trivially on V . 

(2) A™ is obtained from A" -1 by attaching "dual cells" of the form G Xx 
D(V - V(G/K) - \V\ + n) where V - V{G/K) -\V\+n is an actual K- 
representation. The attaching maps have the form G x K S(V — V(G/K) — 
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|V| + n) — ► X n L . Notice that this sphere may be empty even if n > 0, in 
which case attaching the cell means taking the disjoint union with G/K. 
Similarly, a relative G-CW(V) complex is a pair (A, A) where X = colim„ X n , A° 
is the disjoint union of A with orbits as in (1), and cells are attached as in (2). We 
shall often write X v+n for Xl y l+". If X = X v+n , we shall say that X is dually 
(V + n) -dimensional. 

Remark 1.4.7. If X is a dual G-CW(V) complex, then £°°A + is a dual G- 
CW(V) spectrum, since 

£°°G x K s v - v (G/K)-\v\+n = D (G/K+) A S v -^+ n . 

An example of this was given in ll.4.5t[3|) . The dual cell structure on a smooth 
closed V-dimensional G-manifold M is a dual G-CW(V) structure. 

An interesting way of thinking of the distinction between G-CW(V) complexes 
and dual G-CW(V) complexes is that, in the latter case, an orbit G/K contributes 
its geometric dimension V(G/K) to the dimension of a cell. That is, G Xk D(W) 
is considered to be (W + V(G/K) )-dimensional, which is its natural geometric 
dimension. On the other hand, in an ordinary G-CW(K) complex a cell Gxj< D(W) 
is just Vl^-dimensional, ignoring the dimension of G/K. 

Now for the appropriate homotopy groups, in the stable context, we make the 
following definitions. 

Definition 1.4.8. If V is a virtual representation of G and A is a G-spectrum, 
define the Vth dual homotopy groups of A by 

t$(X) = [S V ,G/K + AX] G = [J: V D(G/K + ),X] G . 

Also, let Ty(X) be the covariant Mackey functor defined by 

t£(X)(G/K)=t*(X). 

This generalizes Definition 11.3.31 

Definition 1.4.9. Let Fbea virtual representation of G. A map of G-spectra 
/: A — > Y is a dual (V + n)- equivalence if 

f*-Z^ +i (X)^r^ +i (Y) 

is an isomorphism for all i < n and an epimorphisms for i — n. It is a dual weak 
V -equivalence if it is a dual (V + n)-equivalence for all n. 

For spaces things are a little more delicate, stemming from the fact that duality 
is essentially a stable phenomenon. Because we are ultimately interested in how 
dual cells map into spaces, we make the following definition, using the homotopy 
sets defined in Definition II. 1.41 

Definition 1.4.10. Let A and Y be G-spaces. A G-map /: A — * Y is a dual 
(V + n)- equivalence if ^Y—v(G/K)+i(f) ^ s trivial for all K and all i < n for which 
V — V(G/K) + i is an actual representation of K. The map / is called a dual weak 
V '-equivalence if it is a dual (V + n)-equivalence for all n. 

The restriction that V — V(G/K) + i has to be an actual representation of 
K has the result that dual weak ^-equivalence for spaces is weaker than weak G- 
equivalence. Below we shall see that these concepts coincide for G-spectra, however. 

As in Section [TTT1 (see also |29[ §1.5]), we can now prove the following. (Except 
where noted, the following results have analogues for spaces.) 
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Lemma 1.4.11 (H.E.L.P.). Let r:Y ^ Z be a dual (V + n)- equivalence. Let 
(A, A) be a relative dual V -cell spectrum with cells of dimension < \V\ + n. If the 
following diagram commutes without the dashed arrows, then there exist maps g 
and h making the diagram commute. 



A ■ 



X ■ 



-> Ax I <- 





Y 



A 




X 



The result remains true when n 



□ 



Theorem 1.4.12 (Whitehead). 

(1) If f : Y —> Z is a dual (V + n)- equivalence of G- spectra, and X is a dually 
(V + n — 1) -dimensional dual G-CW(V) spectrum, then /*: [A, Y]o — > 
[X,Z]g is an isomorphism. It is an epimorphism if X is dually (V + n)- 
dimensional. 

(2) // f:Y — ► Z is a dual weak V -equivalence and X is a dual G-CW(V) 
complex, then /* : [X, Y]q —> [X,Z]q is an isomorphism. In particular 
any dual weak V -equivalence of dual G-CW(V) spectra is a G-homotopy 
equivalence. □ 



Theorem 1.4.13 (Cellular Approximation). If f : X — 
G-CW(V) spectra, then f is G-homotopic to a cellular map. 



Y is a map of dual 



PROOF. This follows from the H.E.L.P. lemma once we know that the inclusion 
Y v+n — > Y is a dual (V + n)-equivalence. This reduces to showing that there are 
no essential G-maps G x H (D(V - V(G/H)), S(V - V{G/H))) -»■ G X K (D(V - 
V(G/K) + k),S(V-V(G/K) + k)) for k > 0. This follows from obstruction theory, 
the obstructions vanishing for dimensional reasons. The point is that G Xh (V — 
V(G/H)) and G x# (V — V(G/K)) have the same fixed-point dimensions. □ 

Theorem 1.4.14 (Approximation by Dual G-CW(V) Spectra). Let X be a 
G -spectrum. Then there exists a dual G-CW(V) spectrum T'X and a dual weak 
V- equivalence T'X — > X. 

Proof. The proof is the same as for ordinary G-CW(F) spectra, except that 
we kill the appropriate dual homotopy groups. □ 

The following two results do not seem to have analogues for spaces. 

Proposition 1.4.15. A G-spectrum X has the G-homotopy type of a G-CW 
spectrum if and only if it has the G-homotopy type of a dual G-CW(V) spectrum. 

Proof. If A is a dual G-CW(V) spectrum, then X has the G-homotopy type 
of a G-CW spectrum, since D(G/K + ) has the homotopy type of a G-CW spectrum 
[291 III.2.6]. 

Conversely, to see that a G-CW spectrum has the G-homotopy type of a dual 
G-CW(y) spectrum, it suffices to show that G/K+ A S n has the G-homotopy type 
of a dual G-CW(V) spectrum. For this, consider the dual spectrum D(G/K + AS n ); 
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this has the G-homotopy type of a G-CW(— V) spectrum by Theorem ll.1.151 Hence 
G/K+ A S n = D(D(G/K+ A S n )) has the G-homotopy type of a dual G-CW(V) 
spectrum. □ 

Corollary 1.4.16. A G-map of spectra X — > Y is a weak G-equivalence if 
and only if it is a dual weak V -equivalence. □ 

Now let X be a dual G-CW(V) spectrum. Let Gu+*W = C V+ *(X), the 
covariant chains of X, be given by 

C v+n {X)=l-v + r l {X V+n /X v+n - 1 ). 

Theorem 1.4.17. There are natural isomorphisms 

JT G +n (X;T) = H v+n (C.(X) ®g G T) 

and 

J^ +n (X;S) - H v+n Qlomg a (a,(X),S)). 

Proof. Construct the spectral sequence obtained by applying J$? G or J^ G to 
the dual skeletal filtration of X. The E 2 — E°° (or E 2 — £oo) term consists, by the 
dimension axiom, of the groups on the right above. We could also use the direct 
argument of [3J0 15.2 & 19.5]. □ 

Once again, behind this proof are the useful identifications 

C v+n {X) ®g a T - ,y/?y +n (X v+n /X v+n ~ 1 ;T) 

and 

Hom aG {C v+n (X),S) - *%+»(X v + n /X v +»- 1 ;S). 
The spectral sequence used in the preceding proof is, of course, a dual Atiyah- 
Hirzebruch spectral sequence. 

Theorem 1.4.18 (Dual Atiyah-Hirzebruch Spectral Sequence). Let h G (—) be 
an RO(G)-graded cohomology theory and h G (—) its dual theory, and let X be a 
dually bounded below G-spectrum. Then there is a strongly convergent spectral se- 
quence 

Ep, q — <^a+p{X; h G q ) ^> h G + p +p+q [X) 
and a conditionally convergent spectra sequence 

E p, q = j^-hP( X .^_ 9 ) h g-f>+rK(x). 

Here, as usual, h* G denotes the contravariant Mackey functor with 

h* G (G/K) = h* G {G/K) = h G ^D{G/K + )), 
and is the covariant Mackey functor with 

h G {G/K) = h G {G/K) - h G *(D(G/K + )). 

For the universal coefficients spectral sequence, we write 
J£ G (X)(G/K) = J?f(X;A G/K ). 
With this notation, we have 

C v+n (X)^i^ +n (X v+n /X v +^). 



□ 
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Theorem 1.4.19 (Dual Universal Coefficients Spectral Sequence). If S_ is a co- 
variant Mackey functor and T is a contravariant Mackey functor, there are spectral 
sequences 

El q = Tor^(Jf£ +q (X),T) J?e +p+q (X;T) 

and 

□ 

1.5. Subgroups 

In this section we prove parts (|4]) and (O of Theorem 11.2.51 and the correspond- 
ing parts of Theorem 11.4.21 

Restriction to Subgroups. 

Definition 1.5.1. Let K be a subgroup of G and let G K and Gq be the 
respective stable orbit categories. Let i^ — G «k — '■ @k — ► Gq be the induction 
functor defined in [29j II.4.1]. Its effect on objects is G x K Y 1 oa K/L + = T,°°(Gx k 
(K/L))+ = £°°G/L + . If T is a contravariant G-Mackey functor, let T\K denote 
{i%)*T — Toj^, as in Definition 1 1.2. II Similarly, if S_ is a covariant Mackey functor, 
let S_\K — If C is a contravariant if-Mackey functor, let G Xk C denote 

(ix)*C, as defined in Definition 11.2.11 If D_ is a covariant if-Mackey functor, let 
Gx K D=(i%)*D. 

It follows from Proposition 1 1 . 2 . 2l that 

Hom^fG x K C, T) = Hom^ K (G, T\K) 

for any contravariant i^-Mackey functor G and contravariant G-Mackey functor 
T. The same adjunction holds for covariant Mackey functors. We also have the 
isomorphisms 

{Gx K G)®g G S^C®g K {S\K) 
if 5 is a covariant G Mackey functor, and 

{Gx K D)®g G T = D®g K (T\K). 

Finally, we have the calculations 

G x K A K jj = A G /j 

and 

Gx K A K ' J = A°I J . 

The following is part ([4]) of Theorem 11.2.51 restated with spectra for conve- 
nience. 

Theorem 1.5.2 (Wirthmiiller Isomorphisms) . Let X be a G-spectrum. If K C 
G there are natural isomorphisms 

H^(Gx K X;S)^H^ K (X;S\K) 

and 

Hq(G k k I;T)~ H$ K (X;T\K). 
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Proof. If V is a representation of G and X is a K-CW(V) spectrum, then 
G t<K X is a G-CW(V) spectrum with corresponding cells. Define a map 

Gx K C^ +n {X)^C G +n {Gx K X) 

as follows. Let c d be an element of G x K C^.AX), where 

c: K/M+ A S v+n -» x y +"/X y+n - 1 . 
Send c d to 

G/L — >Gx k (K/M) 

(G x K c)o(dAl): G/L + AS v+n -» (Gk k I 1 ' + ")/(Gk )( I 1 ' + "- 1 ). 
The isomorphism G Xk A-k/j — Aq/j then implies that 

G?(Gk k X)^Gx x Gf(X). 
Using Proposition II. 2.21 we see that there are chain isomorphisms 

C G (G x K X)®g G S^ Cf{X) ®g K (S\K) 

and 

Hom^ (G?(G x K X),T) - Hom^ (Gf (X),T\K). 
These isomorphisms induce the Wirthmuller isomorphisms. □ 

The following restatement of part @ of Theorem 11.4.21 gives the analogues of 
the Wirthmuller isomorphisms for the dual theories. 

Theorem 1.5.3 (Dual Wirthmuller Isomorphisms). If K C G and X is a 

K-spectrum, there are natural isomorphisms 

J? G (G x K (S-^'AI);! 7 ) J^ K (X;T\K) 

and 

J?g(G x K {S- V{G/K) h X)-S) ^ ,^ ]K {X;S\K). 

Proof. If V is a representation of G and X is a dual K-CW(V) spectrum, 
then G x K (S~ V ( G / K ^ AX) is a dual G-CW(V) spectrum with corresponding cells. 
We use here the fact that 

G x K {S~ v ^ A D{K/L+)) = Gx K (S^c/*) A(Kx L S- V W L ^)) 

= Gx L (S-^ G / K >AS- y W L >) 

= Gx L S- v(G ' L ^ 

= D(G/L+). 

As in the proof of the preceding theorem, this leads to the desired isomorphisms 
on the chain level. □ 

While we gave chain-level proofs of the Wirthmuller isomorphisms, it is illumi- 
nating to see them on the represented level as well. In the following discussion, X 
will always represent a spectrum. The ordinary cohomology Wirthmuller isomor- 
phism is just the adjunction 



[Gx K X,HT] G = [X, {HT)\K] k 
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together with the equivalence (HT)\K = H(T\K) shown in Proposition 11.3.21 (we 
are suppressing the grading for clarity). The ordinary homology isomorphism is 
given by 

[S,G k k X AHS] G = [S,X AE V ( G / K \HS)\K] K * [S, X A H(S\K )] K . 

Here, the first isomorphism is shown in 29, II. 6. 5] and the second is given by the 
equivalence T, V( - G / K \HS_)\K = H(S\K) shown in Proposition [IXSl That these 
isomorphisms agree with the ones constructed on the chain level above follows by 
comparing their behavior on the filtration quotients X v+n /X v+n ~ 1 , which are just 
wedges of (suspensions of) orbits. 

The dual cohomology isomorphism is 

[G k k (S-^(G/tf) aX),HS] g £* [r'^M, (HS)\K] K 

S [S~ V W A X , S^G/*) A H{S\K)] K 
S [X,H(S\K)] K . 

The dual homology isomorphism is 
[S,G t<K {S- V{G/K) AX) A HT] G = [S, ^(g/k)( S -v(g/k) a x) a ( H T)\K] k 

S [S,X AH{T\K)] K . 

In Theorem 1 1 . 2 . 51 we defined the ordinary cohomology restriction map a i— » a\K 
to be the composite 

H£(X;T) -> ffg(G k k X;T) S ff£ |A '(X;T|A) 

where the first map is induced by the projection G/K — > *. On the represented 
level, it is easy to sec that this is simply the forgetful map 

[X,HT] G -> [X,(FT)|A'] A - £* [X,JJ(T|iO]jr. 

It is also easy to see that, when evaluated at the sphere spectrum S, the map 

T{G/G) S H G (S;T) -> H° K (S;T\K) 2iT(G/K) 

is the same as the map induced by the projection G/K — > G/G. In ordinary 
homology, the obvious forgetful map is this: 

[5, X A #S] G -4[5,IA {HS)\K] k = [S, X A Y,- V(G/K) H(S\K)} K . 

This gives a map 

H G (X;S_) -> ff^K + y( G /if)(^;5;|A) 
which we shall call restriction to X. When G is finite, V(G/K) = 0, and restriction 
behaves as expected. In terms of the Wirthmiiller isomorphism, this restriction can 
be written as the composite 

H G {X-S) -> H G (D(G/K+)AX;S) 

^H g (Gk k (S- v ^ g /^ AX);S) 

= H^ K (S- V ^AX;S\K) 

— Ha\K+V(G/K) (X] S}K). 

Here, the first map is induced by the map S — » D(G/K + ) dual to the projection 
G/K ^ G/G. When G is finite, the map 

5(G/G) = H G {S;S) -» H^{S:S\K) = S{G/K) 
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agrees with the map induced by the stable map G/G — > G/K dual to the projection. 

In Theorem 1 1 . 4 . 21 we defined the dual homology restriction map a i— » a\K to be 
the composite 

^ G (X;T) -» JT G (G ix k (S- V{G/K) AX);T) S J^(X;T|X), 

where the first map is induced by the dual of the projection G/K —* G/G. On the 
represented level, this is the forgetful map 

[S, X A HT]g -> [S,X A [HT)\K)k = [S,X A H{T\K)] K . 
In dual cohomology, the forgetful map is 

[X,HS] G - [X, - [X,E- v ( G /*>iT(S|JiO]jr, 

giving a forgetful map of the form 

&g{X\ S) -> Jf^ lK ~ V(G/K) (X;S\K). 
This restriction can be written as the composite 
J#g(X;S) -> SCg(G/K+ A X; 5) 

£* Mq{G k k (S- v( - g ' k ^ A 5 v ( g /^ A AT);S) 
= ^ |K (S y(G/X) AX;S|X) 
-^- y(G / K) (X;S|X). 

Restriction to Fixed Sets. We shall now restate and prove part ([5]) of The- 
orem [TTnUl and the corresponding part of Theorem 11.4.21 Until further notice, K 
will be a normal subgroup of G. We first give some definitions and constructions. 

Definition 1.5.4. If £ is a covariant G-Mackey functor and if is a normal 
subgroup of G, let S_ K be the sub-Mackey functor of S_ generated by the elements 
in the groups SJG/L) for those L not containing K. Let S_ K be the G/if -Mackey 
functor defined by 

S K (G/L) = S(G/L)/S K (G/L) 

for K C L C G. If T is a contravariant Mackey functor, define Tk and T K in 
exactly the same way. 

Remarks 1.5.5. 

(1) The construction S_ K has already been considered by algebraists. In [421 
5.1] Thevenaz and Webb write S_ + for S_ K , and show that this construction 
is left adjoint to the inflation functor Inf G y^ defined by 



\S((G/K)/(L/K)) ifKcL 
jo MK</lL. 
Notice that there is a short exact sequence 



{lni G /K S){G/L) = 



0^S A -^S^Inf G (S A ')^0 



l G/K\ 

where the rightmost map S_ — > Inf G , K S_ K is adjoint to the identity map 
onS K . 

(2) If G is finite and T is a contravariant Mackey functor, then we can regard T 
as a covariant Mackey functor via the self-duality of 6q. The two functors 
T K and T K so obtained are again dual, so the definition is consistent. 
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(3) If K is not normal in G, we let S_ K denote (S]NK) K . There are places 
below where we must pay careful attention to the restriction from G to 
NK, 

We shall also need the following construction, discussed in detail in [291 II.9] 
(see also pQ, [TJ, and [19]). 

Definition 1.5.6. Let &[K] denote the family of subgroups 

&[K] = {L c G | K C L}. 
Let EJP[K] be the classifying space of &[K], and let E&\K\ be the cofiber in 

E,^[K]+ -> S°^EJF[K\. 
The G-CW complex E,^[K] is characterized up to G-homotopy by its fixed-sets: 

1 J |* if K<£L. 
If £7 is a G-spectrum, define a G/if-spectrum $> K (E) by 

= {E^[K]/\E) K . 

The construction <I>^ (called the geometric fixed-point construction in [19] ) 
behaves better in many ways than the ordinary iC-fixed point construction. In 
particular, if X is a based G-space, then 

<P K {Z°°X) ~ Y,°°X K , 

and if E and £7' are G-spectra, then 

<S> K (E A E') ~ $ K (£) A $ K (E') 

(these arc [29, II. 9. 9 and II. 9. 12]). Notice that Q K induces a restriction 

<f> K : [E^I.E^FIg -> [S^X^E^y*]^, 

which, when X is compact, is just the obvious restriction to fixed-sets 

colim[E v X,S y r] G -> colim[E y/C X K ,S y/ V K ] G/x . 

The following calculation is the motivation for the definition of S_ K and under- 
lies the definition of restriction to fixed-sets. 

PROPOSITION 1.5.7. If K is normal in G, then 

(A a /L)K a {{G/L) K t _ }g/k = -} G /k jf £ C L 

and 

rx \K ~ r iriT\ K \ _){-' G / l }g/k ifKczL 
(A G/L ) ={-,(G/L) } G /A--j ifR ^ L 

for any subgroup L of G. 
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Proof. Notice first a simple fact that we shall use many times: since K is 
a normal subgroup of G, (G/L) K is either G/L or empty, depending on whether 
K C L or not. 

Now consider the following map. Let JcG, and consider the composite 
A G/L (G/J) = [E^G/L+^G/J^a 

- [<P K (^G/L + ),<P K (^G/J + )] G/K 
^[^(G/L + ) K ^{G/J + ) K ] G/K . 
Since {G/J) K is G/J if X C J or empty if K <f_ J, this defines a map 

A G/L ^ 

Inf G / K: {(G/L) K , — }c/k, an d hence a map 

(A G / L ) K ^{(G/L) K ,-} G/K 

by RemarksEXU By 29, V.9.4], A G/L (G/J) = B G {G/L,G/J) is a free abelian 
group on equivalence classes of diagrams 

G/L ^ G/H ^ G/J 

where H runs through the subgroups of L with W^H finite, <p is the projection, and 
X is a space- level G-map. (The corresponding stable map is x ° V* i where 95* is the 
transfer associated to (p.) Similarly, if K C J, the group [S°°(G/L + ) i:f , S°°G/ J + ]<3/#- 
is a free abelian group on equivalence classes of diagrams 

(G/L) K £- G/H ^ G/J 

where H runs through the groups such that K C H C L and WlH is finite, ^ is the 
projection, and x is a space-level G-map. From this description it is easy to see that 
the map from A G ^ L (G/J) to {(G/L) K , G/J}q/k defined above is an epimorphism. 
Further, if K <£ H , then the generator G/L «- G/H -> G/J of (A G/L )(G/ J) must 
map to 0, since (G/H) K = 0. It follows that the kernel of the map is precisely 
{A G/L )k{G/J), showing that {A G/L ) K = {{G/L) K , -} G/K as claimed. 

The proof for contravariant systems is almost identical. □ 

We can now define the restriction to fixed-sets. The following is part ([5]) of 
Theorem II .2. 51 restated for spectra for convenience. 

Theorem 1.5.8 (Restriction to Fixed-Sets). If X is a G-spectrum and K is a 
normal subgroup of G, there is a natural restriction to fixed sets 

(-) K : H G {X-S)^H G L K {<5> K (X)-S K ). 

This restriction respects suspension in the sense that the following diagram com- 
mutes: 

H G (X;S) °- >H G +Z (E Z X;S) 



(-)' 



H G L K (<f> K (X);S K )^ H^r +ZK (X); ) 

(and similarly for cohomology). It respects restriction to subgroups in the sense 
that, if K C L, then (a\L) K = (a K )\(L/K). It also has the property that the map 

S{G/G) S H G {S;S) H G/K {S;S K ) £ S K (G/G) 



(-)' 
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is the quotient map from the definition of S_ K , as is the similar map in cohomology. 

Proof. We give a chain level construction of this restriction; later we shall 
discuss the represented equivalent. 

The construction is really the observation that, if X is a G-CW(F) spectrum, 
then § K (X) is a (G / K)-CW(V ) complex with corresponding cells. More pre- 
cisely, a cell £°°(G + A H S v+n ) in x v+n /X v+n - 1 cither contributes nothing to 
§ K {X) (if K £ H ) or gives a cell £°°(G+ Ah S yK+n ) (if K C H). From Proposi- 
tion [T377]it follows that 

C^ +i (X) K ^C% K + .^ K (X)), 

the map given by restriction of stable maps to fixed-sets (using <& K ). 

In cohomology, we can now define restriction to fixed-sets to be the map induced 
by the restriction 

Hom^(G« + ,(X),T) - Komg G/K {C% + M) K iT K ) 

= Romg G/K (C% K + ^ K (X)),T K ). 

In homology, we use the map 

c^{x) ®g a s - c^ + M) K ® §g/k s K - c% K +i ($ K (x)) ® Sgik s K . 

Here, the map C®g G S_ — ► C K ®g G/K S_ K is induced by the projections C(G/H) — » 

C K {G/H) for K C i? (and C{G/H) -> for if £ if), and the similar projections 
for 5. 

The stated properties of restriction to fixed-sets are now clear, except possibly 
for the fact that it respects restriction to subgroups. This follows from its naturality 
and the fact that it respects the Wirthmuller isomorphisms, in the sense that, if 
K C L, then the following diagram commutes: 

HG(Gk l X;S) = >HL(X;S\L) 



(-)' 

H G a L K {G k l $ K (X);S K ) -^-> H L J« L {<5> K {X);S K \L). 

Here we are using the identifications (a\L) K — a K \L and (S\L) K = S_ K \L. The 
latter isomorphism follows when you notice that any basic stable map G/J — > G/L 
with K <f_ J may be factored (in the sense used in the proof of Proposition ll.5.7[) 
as G/J <- G/M -> G/Z with M C £ and A" / M. It is straightforward to check 
that the diagram above commutes on the chain level. □ 

The dual results arc similar. The following is a restatement of part © of 
Theorem OH 

Theorem 1.5.9 (Restriction to Fixed-Sets in the Dual Theories). If X is a 
G-spectrum and K is a normal subgroup of G, there is a natural restriction to fixed 
sets 

J^(X;T) -» Jf°J K (<£ K (X);T K ). 
Restriction respects suspension and restriction to subgroups as in Theorem \1.5.8[ 
and its evaluation at a point again gives the projection. 



(-)* 
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Proof. The dual restriction is constructed and its properties proved in the 
same way as for the ordinary theories, using the equivalence 

^(D(G/L +)) ^D((G/L +) «) = \ D ^ **C* 

I * if K Q_ L, 

which follows from the fact that Q K preserves orbits and smash products (and, 
hence, duality). This leads to the natural isomorphism 

+i (X) K ^C% K + .(^ K (X)), 

and the rest follows as before. □ 

Now let us see how restriction to fixed sets is represented on the spectrum level. 
Let X be a G-spectrum for this discussion. Let H denote either HS_ or HT. In 
cohomology we have the map 

[X,H] G ^ [<i> K (X),<!> K (H)} G/K , 

and in homology we have the map 

[S, X A H]q ► [$ A '(S), $ K (X A H)] G /k = [S, ® K (X) A ® K (H)] G/K . 

(Notice that $ K (£ y X) ~ T, vK $ K (X), so the grading behaves correctly.) We 
therefore need to analyze the spectra Q K (HS_) and $> K (HT). The following results 
give us what we need. 

Proposition 1.5.10. Let X be a connective G-spectrum and let K be a normal 
subgroup of G. Then $ (X) is a connective (G/K)- spectrum and 

{^X) K ^ G ' K ^{X). 

PROOF. Consider first the case X = £°°G/J + . We have 7f^(E°°G/ J+) = A G/J 
by definition. On the other hand, $ K (T,°°G/J + ) ~ S 00 (G/J+) Ar , so Proposi- 
tion [TX3 implies that 

H%' K <S> K (X°°G/J + ) - (A G/J ) K = (tF g £°°G/J + )* 

Now let X be any connective G-spectrum. Choose an epimorphism F — > Wq X, 
where F is a free Mackey functor. Let Eq = \f E°° (G/ Jj)+ be a wedge of orbits such 
that WqEo = F and let Eq — > X be a map realizing the epimorphism F — > X. Let 
X\ be the cofiber of the map E — > X. Then Xi is 1-connected. Let R — ► 7f G Xi be 
an epimorphism with i? free. Let Ei = \J S 00 S(G/J :/ )+ be such that 7ffEi = R, 
and let i?i — ► X\ realize the epimorphism R — > W^Xi. We then have an exact 
sequence 



realized as 



E -> F -> tt g X -> 



Tff £l -» Tf^Eo -» TifX -> 0. 



Now apply to all of these spectra. preserves (co)fibrations, so we have once 
again an exact sequence 

On the other hand, the first part of this proof implies that iff^ K & K (Ei) = R K and 
w^ K ^ K {Eq) = so we have the exact sequence 

^^F K ^7f G/A '<I^(X)^0. 
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Finally, the functor T \— > T K is right exact (being a left adjoint), which implies 
that 

w o /Kq>K{x) ^ 

as desired. □ 

Corollary 1.5.11. Lei T be a contravariant G-Mackey functor and let K be 
a normal subgroup of G. Then $ A (HT) is connective and 

iru /K <f> K (HT) ^T K . 

Hence, there is a G/K-map <& K {HT) — » H(T K ) that is an isomorphism in Wq^ K . 

□ 

Proposition 1.5.12. Let X be a dually connective G-spectrum (i.e., t^X = 
for n < 0) and let K be a normal subgroup of G. Then 3? (X) is dually connective 
and 

{rJfX) K ^r^ K ¥<{X). 

Proof. The proof is almost identical to that of Proposition 11.5.1(71 we need 
only replace all references to orbits E 00 G/J+ with their duals D(G/J+). We use 
here the fact that <P K (D(G/J+)) ~ D((G/J+) K ), which follows from the fact that 
§ K preserves spheres and smash products. □ 

Corollary 1.5.13. Let S_ be a covariant G-Mackey functor and let K be a 
normal subgroup of G. Then $> K (HS_) is dually connective and 

Hence, there is a G/K-map <5> K {HS) -> H(S K ) that is an isomorphism in ZLo^ K ■ 

□ 

The maps in Corollaries 11.5.111 and 11.5.131 complete the spectrum-level repre- 
sentations of the fixed-set maps. For example, in ordinary homology the fixed-set 
map is the composite 

[S,XAHS] G -» {<S> K (S),<S> K (X /\HS)] G/K 

- [S,<P K (X)A<P K (HS)] G/K 

-^[S^ K (X)AH(S K )] G/K . 

The other three restriction maps are represented in similar ways. That these maps 
defined on the spectrum level agree with the maps defined on the chain level follows 
by comparing their effects on the filtration quotients X v+n / x v+n ~ 1 (for a G- 
CW(V) structure or a dual structure, as appropriate). 

Finally, we should say a word about what happens if K is not normal in G. 
In ordinary cohomology and dual homology, there is no problem. We simply let 
a K = (a\NK) K and everything works as expected. In ordinary homology and dual 
cohomology we make the same definition, but now there will be a shift in dimension 
because of the restriction to NK . Precisely, in ordinary homology we have 

[~) K ■ Ha(X;S) -> H af c + v(G/NK)*(® (X);S_ ) 
and in dual cohomology we have 

(-) K : jeg{X\S) -> ^wK V{G/NK)h (® K (xy,s K ). 
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1.6. Products 

In this section we prove parts ([6]), ((7]) and (|8|) of Theorem 1 1.2. 51 and the corre- 
sponding parts of Theorem 11.4.21 Again, we work with spectra. 

Cup Products. The product of two orbits is not an orbit; if G is infinite 
it is not even a disjoint union of orbits. Thus, if X and Y are G-CW spectra, 
their product does not have a canonical G-CW structure. However, it does have 
a canonical (G x G)-CW structure. Because of this observation, it is convenient 
to define and work with an external cup product, pairing a G-spectrum X and a 
-ftT-spectrum Y to get a (G x if)-spectrum X AY. In the case of two G-spectra we 
can internalize by restricting to the diagonal G C G x G, using the restriction to 
subgroups discussed in detail in the preceding section. 

We begin by defining the appropriate tensor product of Mackey functors (see 
also pp and [21]). 

Definition 1.6.1. Let p: & G x G K — * @gxk be the functor taking the pair 
(£°°G/ J+, ■£ 00 K/L + ) to £°°G/J + A E°°K/L + = S°°(G x K)/{J x L)+. Let T be 
a contravariant G-Mackcy functor and let U be a contravariant -ftf-Mackey functor. 
Let T ®U denote the (B G x ^ K )-functor defined by 

(T ® U)(G/J, K/L) = T(G/J) <8> U{K/L). 

Define the contravariant (G x if)-Mackey functor T Kl U (the external box product) 

(TMU) = p m (T®U), 
where is defined in Definition 1 1.2. II If T and U are both G-Mackey functors, we 
define the (internal) box product to be 

tuu = (Tmu)\G 

where the restriction is to the diagonal subgroup G C G x G. 
The following facts are easy to check. 

Proposition 1.6.2. 

(1) Aq/j H A K / L = A G j jxk/l- More generally, if E is a G-space and F is 
a K-space then {-, E} G M {-,F} K = {-, E x F} GxK . 

(2) A G/G aT^T for anyT. 

(3) If X is a G-CW(V) spectrum and Y is a K-CW(W) spectrum, then 

c« + ,(i)B4 +t (y) = c%« + «(x a y). 

□ 

Now let X be a G-spectrum and let Y be a if-spectrum. The external box 
product induces a natural chain map 

Hom^ (C? (X) , T) ® Hom^ (Cf (Y) , U) -> Hom^ (C? (X) H Gf (Y) , T El U) . 

This induces the (external) cup product 

-U-: H^{X;T)(g)H^(Y;U) -> H G ^ K [X A Y); T IS 17). 

When G — K, we can follow the external cup product with the restriction to 
the diagonal subgroup G C G x G to get the cup product 

-U-: H G (X;T)®H G {Y;U) -> H* +P (X A Y;TD U). 
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Further, if d: Z -> X A 7 is a G-map, applying d* gives us the cup product 

-U-: H%(X;T)® H^{Y;U) -> H G +P {Z; T □ U). 

A contravariant G-Mackey functor T is a rinj (also called a Green functor) if 
there is an associative multiplication /i : T □ T — > T. When T is a ring, there is a 
cup product 

- U - : HZ(X;T) ® ^(F;[7) -> H« +0 {Z;T). 

In particular, when Z = Y = Y^°°X and d is the diagonal, we have the expected 
associative internal cup product 

-U-: H^{X;T)(giH G (X;T) -> H G +f3 (X;T). 

For example, Ag/g is a ring. Notice also that ^4g/g □ T = T for any con- 
travariant G-Mackey functor T. We say that T is a unital ring if there is a unit 
map n: A G / G — > T such that the following diagram commutes. 

-r ^— f Dl — — 

A G/G □ T > TOT 



T 

In particular, A G / G is a unital ring. Every contravariant G-Mackey functor T is 
a module over Aq/q, in the sense that there is a unital and associative pairing 
Aq/q □ T — > T (namely, the isomorphism). 

These cup products have the following properties, most of which were also listed 
in Theorem 11.2.51 

Theorem 1.6.3. The cup product defined above generalizes the nonequivariant 
cup product and satisfies the following. 

(1) It is natural: f*{x) U g*(y) = (/ A g)*{x U y) for the external product. 

(2) It is associative: (x U y) U z = x U (y U z) when we identify gradings using 
the obvious identification (U © V) © W = U © (V © W). 

(3) It is commutative: If x £ Hq(X; T) and y € H^(Y; S) then xUy — i(yUx) 
where i is the obvious isomorphism between H^^^X AY;T Kl S) and 

h kx°g (Y AX;SMT); in particular, i uses the isomorphism of a + (3 and 
[3 + a that switches the direct summands. 

(4) It is unital: there exists an element 1 £ H G (S; Aq/q) such that 1 Ui = x 
for any x S Hq(X; T) (using the identification Aq/q □ T = T). 

(5) It respects restriction to subgroups: (x\I) U (y\J) = (x U y)\(I X J) in the 
external product. 

(6) It respects restriction to fixed sets: x 1 U y J = (x U y) lxj in the external 
product. 

The proofs are all standard except for the last two points. 

Proof of Part © of Theorem 11.6.31 (Refer to the beginning of Section ll.5l 
for the algebra involved in the construction of the restriction to subgroups.) Let 
I C G and J C K. Since restriction from G to I is defined as the composite 

H§(X;T) -» H G (G x z X;T) = Hf{X;T\I) 



1.6. PRODUCTS 



.'if) 



and the cup product is natural, it suffices to show that the cup product respects 
the Wirthmuller isomorphism. From the commutativity of the diagram 



@i x ffj 



@G X @K > @Gv.K 

it follows that there is a natural isomorphism 

(G x 7 C) E (K xjD) = (G X K) x/xj (CMD) 



This diagram and the adjunctions that follow from Proposition 11.2.21 also lead to a 
natural quotient map 

(T\I) M (U\J) -> [TMU)\(I x J) 
(not necessarily an isomorphism). Together these give the following diagram. 

Homg G (Gx I C,T)®Homg K (Kx J D,U) — ^ Hom^ (C,T|/)®Hom^ (D,t7| J) 



Hom^^fGx/COKKKx./D).™^ 



Ho m ^ xJ (CKD,(T|I)B(CJ|J)) 



Hom (9GxK ((GxA:)xj x .,(CKlD),TK;7) - ). Hom # (CHD,(TH[/) | (7x ,/)) 

It is an elementary exercise to show that this diagram commutes. Letting C = 
C{(X) and D = C'liY) shows that the cup product respects the Wirthmuller 
isomorphism on the chain level, so does so also in cohomology. □ 



Proof of Part © of Theorem 11.6.31 (Refer to the middle of Section [131 
for the algebra involved in the construction of restriction to fixed points.) By 
part (O we know that the cup product respects the restriction to the normalizers 
NI and NJ, so we may as well assume that I is normal in G and J is normal in 
K. There is a natural quotient map (not necessarily an isomorphism) 

T 1 EU J -> {TMU) IXJ . 



However, Propositions 1 1 . 5 .71 and [TT6 .21 imply that 

MA J K/L - (A G/H ®A K/L y* J , 

with the consequence that 

C° (X) 1 H Cf (Y) J S C? //xK/J ($ /XJ (X AY)). 



40 
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The fact that cup product respects restriction to fixed sets now follows from the 
following commutative diagram, in which C = Cf(X) and D = C^(Y). 

nomg G (C,T)®nomg K (D,U) > Hom^^ (C 1 ,T' JgHom^ j (W.W) 



Horn, (CEiD.TElU) Horn, (C'^D J .T'MU J ) 



Hom « G /;xi f /.7 ((CBD) ' x ^ ( ™ f,) ' xJ) — — > Hom e G/IXK/J ( cI ® DJ >( TSu y xJ ~) 

a 

Remark 1.6.4. As the proofs make clear, parts ([5]) and © of Theorem 11.6.31 
are stated a bit loosely. In fact, 

(x\I) U (2/| J) e H* GxK (X A Y; (T\T) H (U\J)) 

while 

(xUy)\(I x J) e H* GxK (X AY; (T®U)\(I x J)). 

The theorem should say that, when we apply the map induced by the quotient map 
(T\I)M(U\J) -> (TS [7)|(/ x J), the element (x\I)U(y\J) maps to (xUy)\{I x J). 
A similar comment applies to part ((6|). 

The external cup product is represented by a (G x K)-m&p HT A HU — » 
H{T M U) that is an isomorphism in 7f^ xi:s ". To construct this map purely on the 
spectrum level takes a bit of work. We begin by constructing the map for the 
internal product. 

Proposition 1.6.5. Let X and Y be connective G-spectra. Then X AY is a 
connective G -spectrum with ttq(X AY) = ttq(X) □ 7Tq (Y). 

Proof. That the smash product of two connective G-spectra is connective is 
standard, so we concentrate on the statement about homotopy. The method of 
proof is essentially the same as for Proposition 1 1 . 5 . 101 

First consider the case X = £°°G// + and Y = £°°G/ J+. X AY = £°°(G/J x 
G/J)+, so 

W%(X AY) — n$(X°°(G/I x G/J)+) = {-, G/I x G/J} G Si A G/I □ A G/J 

by Proposition 1 1 .6 . 2l 

Now let X and Y be any connective G-spectra. As in the proof of Proposi- 
tion ll.5.IUl let Eq — \J £°°(G/ Ki)+ — > X be a map that is an epimorphism in 7f{f , 
and let X\ be its cofiber. Let E\ = \J Y>°°Yj{G / Kj) + — > X\ be an epimorphism in 
Wi . Then we have an exact sequence 

7ff(£l)-»7T?(£Jo)-7f (X)-.0. 

Let Fo and F% be chosen similarly, using Y in place of X. Using the fact that smash 
product preserves (co)fibrations it follows that we have an exact sequence 

(T$(E ) □ Tff (Ft)) © (Wf (Et) □ 5r?(Fo)) - T%(E a ) □ W^(F ) -> tT^X A Y) -> 0. 
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Here we have used the first part of the proof to identify, for example, itq(Eq A Fq) 
withW§(E )DW§(F ). It now follows from the right exactness of the box product 
that 

n$(XAY)^W$(X)nw°(Y) 
as claimed. □ 

Corollary 1.6.6. Let T and U be G-Mackey functors. Then HT A HU is a 
connective G-spectrum, and 

ttq (HT A HU) (TDU). 

□ 

To deal with the external product we first need a little more algebra. 

Definition 1.6.7. Let N be a normal subgroup of G and let p: G — > G/N 
be the quotient map. Let jr: Gg/n — * @G be the functor mentioned just before 
Proposition ! 1.3.21 its effect on orbits is to consider a (G/iV)-orbit to be a G-orbit via 
p. With the notation of Definition OH let pjf = (j$)*T when f is a G-Mackey 
functor. If S is a (G/A^)-Mackey functor, let p*S = (p tt ),S. 

The following results are consequences of Proposition 11.2.21 

Lemma 1.6.8. 

(1) The functor p* is left adjoint top*. 

(2) P*A( G /N)/{L/N) —A.G/L- 

(3) p* is right exact. □ 

Proposition 1.6.9. Let X be a connective (G/N) -spectrum. Then p^X is a 
connective G-spectrum with 

^^X)^p*^ N X. 

Proof. The line of argument is again much like that of Proposition 1 1.5.101 
Let E = Y T I °°{G/K i ) + -^Xbea map that is an epimorphism in Jf^, and let X\ 
be its cofiber. Let E\ = \j Y,°°T<(G/Kj) + — > X\ be an epimorphism in Tff. The 
facts that p* preserves (co)fibrations, that p^°°G/L + = S°°G/L + for N C L C G, 
and the preceding lemma imply that there is an exact sequence 

p'Tff /N E l - p*J$ /N E -+ *$&X) -+ 0. 

The right exactness of p* now implies that Wq(p^X) = p*W X as claimed. □ 

Corollary 1.6.10. Let T be a (GfN)-Mackey functor. Thenp^HT is a con- 
nective G-spectrum with ttq (p^ HT) = p*T. Therefore, there is a map p^HT — * 
H(p*T) that is an isomorphism in 7Tq . □ 

In fact, the map p^HT — > H(p*T) can be constructed more neatly as follows. 
Begin with the map T — ► p*p*T that is the unit of the adjunction. This induces 
a (G/-/V)-map HT — > H(p*p*T) ~ H(p*T) N . This last isomorphism was shown in 
Proposition 1 1 . 3 . 21 The desired G-map is the one adjoint to this last map. 

Now consider the two quotient maps p\ : G x K — > G and P2 ■ G x K — > K . HE 
is a G-spectrum and F is a if -spectrum, E AF is the (G x i£f)-spectrum p^JS /\p\F. 
If T is a G-Mackey functor and U is a if-Mackey functor, there is then a map 

-HT A HU = p\HT A p|ffZ7 -> fl"0^T) A tf(p?| 17) 
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Corollary 11.6.61 then gives a map 

H(plT) A H(p* 2 U) ff^TD^C/) = H(TMU), 

where the isomorphism p*T □ p^U = T H U is easily checked from the definitions. 
Putting these together, we have a map 

T A HU — » ff(TKC7) 

that is the identity on Tq K . That this represents the product constructed on the 
chain level follows by considering its effect on the quotients x v+m /X v+m and 

yW+n lyW+n-X 

Now we turn to part ([4| of Theorem 11.4.21 Recalling the discussion at the be- 
ginning of this section, the product of a G-CW space with a dual G-CW space has a 
complicated "mixed" structure, even viewed as a (G x G)-space. The disadvantages 
of working with this mixed structure seem to outweigh the advantages of working 
with an external product, so we shall not take this route. 

We first need the following algebra. 

Definition 1.6.11. If S_ is a covariant G-Mackey functor and T is a contravari- 
ant G-Mackey functor, define a covariant G-Mackey functor S_V T = T V S_by 

{SvT)(G/L) = S{G/K)®T{G/J) j~ 

G/K^(G/J)x(G/L) 

where the direct sum runs over all stable G-maps G/K — > (G/J) x (G/L), and we 
impose the equivalence relation generated by 

Remark 1.6.12. It is possible, if a bit awkward, to define V along the lines 
of □, using the general Definition 11.2.11 To do this, we first notice that G'q is 
isomorphic to the category consisting of the duals D(G/K + ) of the orbits of G, and 
all stable G-maps between them. We introduce a category 2&G whose objects are 
all the smash products S°° (G/ K + ) A D(G/J+), and whose maps are all the stable 
G-maps between them. There is then a functor s : Gq x @°g — * 2 @G given by the 
smash product. Also, there is an inclusion d: 0q —>> i&G that takes S°°(G/ 1 K + ) to 
Y,°°{G/K + ) A D(G/G+) ~ E°°(G/K+). With these functors defined, we have 

Svf=(fs,(S8T) 

where we consider T to be a covariant functor on G°q . From this description it is 
easy to see, for example, that V is right exact. 

When G is finite, S V T = S □ T, using the self-duality of &g to change the 
variance of S. 

The following facts follow from the definitions. 

Lemma 1.6.13. If S_, T, andU are G-Mackey functors, then 

and 

(Svf) v 17 = S v (TD 17). 

Further, 

A G ' K vA G/J = {G/K,-xG/J} G , 
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and 

S V A G/G = S. 

□ 

In order to define the cup product pairing ordinary and dual cohomology, we 
shall need the following result. 

Proposition 1.6.14. Let X be a connective G-spectrum and let Y be a dually 
connective G-spectrum. Then X AY is dually connective, and 

t£(XAY)=wC(X)Vt£(Y). 

Proof. The proof proceeds along the lines of Proposition 11.6.51 It requires 
first the following computation. 

1°(G/K + A D(G/L+)) = [£>(-+), G/K+ A D(G/L+)] a 
= [E M G/L + ,r(-xG/A') + ] G 

= A G/K S7A G / L . 

From this and the right exactness of V, the calculation follows. □ 

Now consider two G-spectra, X and Y. Let Ty(X) be a G-CW(V) approxima- 
tion of X, let T' W {Y) be a dual G-CW(W) approximation of Y, and let T' V+W (X A 
Y) be a dual G-CW(V + W) approximation of X A Y. The skeletal nitrations of 
T V {X) and T' W (Y) give a filtration of T V (X) A T' W (Y) in which the filtration quo- 
tients are wedges of spectra of the form T, v+w+n G/ K + AD(G/L + ). Now, there are 
no nontrivial stable maps of the form D(G/J + ) — > Y> k G/K + A D(G/L + ) if k > 0; 
we can see this by dualizing to a stable map of ordinary orbits. Therefore, there is 
a filtration-preserving map 

(XAY) -^T V (X) AT' W (Y), 

approximating the identity, unique up to homotopies raising filtration level by at 
most one. Applying Zy +w+te to the filtration quotients then gives a chain map 

■ Qv+w+*(X A Y) - C V+ *{X) V Q W+ ,(Y), 

well-defined up to chain homotopy (we use Proposition 1 1.6. 141 to identify the dual 
homotopy of the target). 

Given the chain map t* it is now easy to define the cup product 

-U-: H G (X;T)<g)J^(Y;S)^J^ G +l3 (XAY;TvS). 

It is the map induced by the following composite of chain maps. 

ttomg G (C v+ 4X),T) ® Hom^(G W+ „(Y),S) 

- Hom^ (C v+ * (X) V C w+ » (Y), T V S) 

^ Komg G (C v+W+ * (XAY), TVS) 

Theorem 1.6.15. The cup product defined above generalizes the nonequivariant 
cup product and satisfies the following. 

(1) It is natural: f*(x) U g*(y) = (/ A g)*(x U y). 

(2) It is associative: (x U y) U z = x U (y U z) when we identify gradings using 
the obvious identification (U © V) © W = U @ (V © W). 
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(3) It is unital: the element 1 6 H G (*; A G / G ) of Theorem \1. 6. S\ satisfies 1 U 
x = x for any x € -J^ G {X]S) (using the identification A G / G V S_ = S_). 

(4) It respects restriction to subgroups: {x\K) U (y\K) = (x U y)\K . 

(5) It respects restriction to fixed sets: x K U y K = (x U y) K . 

Again, the proofs are standard except for the last two points. 

Proof of part ([JJ of Theorem II.6.151 By naturality, it suffices to show 
that the cup product respects the Wirthmiiller isomorphisms. Precisely, assume 
that X and Y are if-spectra. It suffices to show that the following composites 
agree. 

Hq{G x k X;T)^J^{G x (S- y{G/K) AY);S) 

-» Jf G +p ((G *k X) A (G x {S- V{G/K) A F));T V 5) 



£ +/3 (G k k (X A 5- y ( G /^) A Y); T V 5) 



and 



4 a+/5)|K (^Ar ; (Tv5)|jf) 



Hq(G K K X;T)®Mg(G x (S- V{G/K) AY);S) 



S Tf 



a|A" 



A' 



(a+/3)|A- 



A' 



(a+/3)|A- 



A 



(X A Y; (T\K) V (£|JQ) 
(X A Y; (TV 5) 



Here, as usual, we use a projection 

(T|Jf) V (S[JO 

that is not necessarily an isomorphism. It is straightforward to check that the 
composites agree on the chain level. □ 



(T V S)\K 



Proof of part (J5J) of Theorem 11.6.151 We may assume that K is normal 
in G. Once again, we have a projection 

T K V S K -^(TvS) K 

that is not necessarily an isomorphism. However, we can calculate that 

(A G /j) K ^ {A G,L ) K = (A G/J V A G ' L ) K 

and we have the following commutative diagram. 

C G/K {<5> K {X AY)) >C G/K {$ K {X)) V C G/K (<P K (Y)) 



C G (X) K VC G (Y) K 



C G (X A Y) 



K 



■*(C G (X)VC G {Y)) 



K 



From this it is easy to see that the cup product does respect restriction to fixed 
points. □ 
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This cup product is represented on the spectrum level by a map 

HTAHS^ H(T V S) 

that is an isomorphism in Tq . That this map exists follows from Proposition ! 1 . 6 . IH 
which implies that HT A HS_ is dually connective and that 

t%{HTAHS) = T V S. 

In fact, this pairing is associative in the sense that the following diagram commutes 
up to homotopy. 

HTAHU A HS > HT A H(U V S_) 

H(TDU) AHS >H((TDU) V S) 

Here, we use the identification (T □ U) V S = T V (U V S). 

Remark 1.6.16. There are several other products that we have not written 
down here, but may be interesting. For example, there is a homology pairing 

Jtf (X; T) (g) J#f (Y;U)-> xK (X AY;T BF). 

This can be constructed on the chain level, by noticing that the smash product of a 
dual G-CW spectrum with a dual K-CW spectrum has an obvious dual (GxK)-CW 
structure. It is represented on the spectrum level by the map HTAHU — > H{TMU) 
already considered. 

More intriguing, perhaps, is another consequence of the observation above 
about smash products of dual spectra. There is an external pairing 

JV£ (X; R) <g> J{?£ (Y ; S) — Jf£ x K (X A Y ; R ® S) , 

where R S S_ is defined in essentially the same way as for contravariant Mackey 
functors. This pairing is represented by a map HR A HS_ — » H(RM S_). When 
G = K and we try to internalize this pairing, we get a shift of dimension. Precisely, 
the restriction from G x G to the diagonal subgroup G involves a shift of dimension 
of V(G x G/G) = L(G), the Lie algebra of G. So, we get an internal pairing 

Jtfg (X; R) <g) J^(Y; S) -> ^ + ^ L(G) (X A Y;RDS_). 

This internal pairing is represented by a G-map 

HR A HS_ — » Y,- L(G) H{R □ S). 

Evaluations and Cap Products. We now construct the evaluations and cap 
products given in Theorem 1 1 . 2 . 51 and Theorem ll.4.21 We deal with evaluation maps 
and cap products simultaneously by considering a pairing that generalizes both. 
Suppose that X, Y and Z are G-spectra, and we are given a G-map d: Z — ► X AY. 
We define a chain map 

: Cv+w+*{Z) — * Cv+*{X) □ Cw+*(Y) 

as follows. Let Tv+w(Z) be a G-CW(V r + W) approximation of Z, Ty(X) be a 
G-CW(V) approximation of X, and Tw(Y) be a G-CW(W) approximation of Y. 
The skeletal nitrations of IV(X) and T W (Y) give a filtration of T V (X) A T W (Y), 
and we can find a filtration-preserving approximation to d, 

d: T V+W {Z) -> T V (X) A T W {Y). 
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That such an approximation exists follows from the fact that there are no nontrivial 
G-maps Y,°°G/K+ -> E fc S tx> (G/L x G/J)+ if k > 0. Similarly, any two approxima- 
tions of d will be homotopic through a map that raises filtration level by at most 
one. If we now apply Tfy +w+jf to the filtration quotients we get the desired chain 
map d*, which is well-defined up to chain homotopy. 
Given the chain map d* we can define a pairing 

(-,-) d :H^(Y;T)^H^ +0 (Z;S)^H^(X;TvS). 

Taking suspensions as necessary, we may assume that a = W + * and f3 = V + *. 
The pairing is induced by the following composite of chain maps: 

Kom aG (C w+ *(Y),T) ® (C V+W+ *(Z) ® gg S) 

±* Kom$ G (C w+ *(Y),T) ® ((C v+ *(X)nC w+ *(Y)) ®g a S) 

- Kom^JC W+ *(Y),T) ® (C V+ *(X) ®g Q {Cw+*{Y) V S)) 

The last map above is the evaluation map. 

Theorem 1.6.17. The pairing (-,-) d : H^(Y;T)(g>H^ +p (Z;S) -> H^(X;T\7 
S_) has the following properties. 

(1) If is natural in the following sense. Assume given G-maps f:Z—> Z' , 
g: X — > X' and ft: F — > Y' ; and a G-map d! : Z' — > X' A 1" making the 
following diagram G-homotopy commutative. 

Z—^XAY 

f g^h 

z' x 1 a r 

Tften 

(y'J*{z))d> = g*(h*(y'),z) d . 

(2) If is associative in the following sense. Assume given d: Z ^ X AY and 
d' : X -> 75 A F, so we afeo ftaije (d'M)od: Z ^ E A F AY . Then 

(fuy,z)(d>/\i)od = (f, (y,z)d)d>, 

where U is ifte external cup product. 

(3) it respects restriction to subgroups in the sense that 

{y,z) d \K=(y\K,z\K) dlK 

mH* K {X;(?vS)\K). 

(4) If respects restriction to fixed sets, in the sense that 

{{y,z) d ) K = (y K ,z K )*K {d) 
inH™' K ($ K (X);(TvS) K ). 
PROOF. The naturality and associativity follow easily from the definitions. 
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To show that the pairing respects restriction to subgroups, consider first the 
following diagram. 

Z >X AY 

D(G/K+) A Z — ► (D(G/K+) A X) A Y 



D(G/K+) A Z ► (D{G/K + ) AX) A (G/K+ A Y) 

The vertical arrows in the top square come from the map S — > D(G/K+) dual 
to the projection G/K — > *. The bottom horizontal arrow uses the diagonal map 
D(G/K + ) — » D(G/K + ) A G/K + , and the upwards arrow is given by the projection 
G/K — > *. By the commutativity of this diagram and the naturality of the pairing, 
it suffices to show that the pairing respects the Wirthmuller isomorphisms. So, we 
change our point of view and consider if-spectra d : Z — > X A Y and the induced 
map of G-spectra G K K Z —> G K K (X AY) — > (G k k X) A(G t< K Y). We need to 
show that the following diagram commutes. 

H£(Gk k Y-T) ® H£ +I3 (G k k Z;S) ► H%(G K K I;TvS) 



H*(X;(TvS)\K) 



H$ K (Y; T\K) ® H K a+0)lK (Z;S\K) > H m( X > ( T \ K ) V (S\K)) 

But this is easy to check using the chain level description of the Wirthmuller iso- 
morphisms. 

Finally, to see that the pairing respects restriction to fixed sets, it now suffices 
to assume that K is normal in G. In that case it is easy to write out the necessary 
diagram on the chain level and check that it commutes. □ 

Proof of Parts Q and (JSJ) of Theorem 11.2.51 The evaluation map re- 
ferred to in part ([7]) can actually be defined for any G-spectrum X, and is the 
pairing associated with the identity map I -t SM. Its properties follow from 
Theorem 11.6.171 The cap product referred to in part (J8j> is the pairing associ- 
ated with the identity map X AY — ► X AY. Again, its properties follow from 
Theorem E6T71 □ 

The evaluations and cap products of Theorem 11.4.21 are constructed in a very 
similar way. The only real difference is this. Given a map d: Z — > X AY, we 
let T' V+W (Z) be a dual G-CW(V) spectrum approximating Z, we let Fy(X) be a 
G-CW(y) spectrum (of the ordinary kind) approximating X, and we let r^(Y) 
be a dual G-CW(V) spectrum approximating Y. We can then find a filtration- 
preserving approximation to d, using the fact that there are no nontrivial maps 
D{G/K+) -> E fc G/L+ A D(G/J+) when k > 0, which follows upon dualizing to 
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ordinary orbits. When looking at the chains, we also use the fact that 

r G (G/L + A D(G /,]+)) = A G ' L V Ag/j, 

as we saw when discussing cup products. We use this d to get one of the evaluations 
and one of the cap products; we get the other by using a dual structure on X and 
an ordinary structure on Y . With these comments the constructions and proofs go 
through exactly as in the ordinary case. 

Let us now look at these pairings on the spectrum level. We begin with the 
pairing 

(-,-)«,: flg(r; T) ® Jf a % (Z; U) -> ^ (X;TDU) 

underlying one of the evaluations and cap products of Theorem 11.4.21 Again, we 
assume given a G-map d: Z — > X AY. Let y : Y — > Y> a HT represent an element of 
Hg(Y;T) and let z: S a+f} -> Z A HU represent an element of Jf G +0 (Z;U). Then 
(y, z)d G Jff G (X; T □ U) is represented by the composite 

S a+P ^ Z AHU ^ X AY A HU 

1AyA1 > X A Y> a HT A HU -» X A Y> a H(T □ U). 

To show that this defines the same pairing as we defined using chains, we take ap- 
proximations T' V+W (Z), r' v (X) and Tw(Y), and consider the effect of the spectrum 
level pairing on the filtration quotients. The only tricky part of this verification is 
the identification of 

^W+„((rVPO AT w (Y)) v + w + n /(T' v (X) AT W {Y)) V + W ^-U). 

This comes down to a calculation of ,^f G (D(G / K + ) A G/L + ; U): 

Jf G {D(G/K+) A G/L+-U) = [S,D(G/K+) A G/L+ A HU) G 

S [E°°G/K + , G/L+ A HU] G 
= Trf (G/L+ A HU) 
^(A G/L aU)(G/K) 
= A G / K ® g/ G (A~g/l n U), 
the next-to-last isomorphism coming from Proposition 1 1.6.51 Thus, 

JZf+w+niF'viX) AT w (Y)) v + w + n /(T' v (X) ATwiY))^^- 1 ;!!) 

= E C v+p {X)®g G (C w+q (Y)UU), 

p+q=n 

which is exactly what is needed in the chain-level description of the pairing. 

The pairing underlying the evaluation and cap product of Theorem 11.2.51 and 
the other evaluation and cap product of Theorem 11.4.21 use the map HT A HS_ — » 
H(T\7 S_) used earlier in discussing the cup product. We can represent the pairing 

(-->*: Hg(Y;T) ® H G +p {Z;S) -> H G (X;T V S) 

as follows. Let y : Y -> E a HT represent an element of Hg(Y; T) and let z : 5 Q+/3 -> 
Z A HS represent an element of H G +p (Z;S_). Then {y,z) d £ H^(X;T V S) is 
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represented by the composite 

S a+P ^ Z AHS m> X A Y A HS 

1AyA \ X A Y, a HT AHS^XA £ Q iJ(T V S). 

We can verify that this agrees with the chain-level definition by considering its 
effects on filtration quotients, as usual. The pairing 

( - , -) d : M'g (Y ; S) ® Jf a % (Z;T) ^ H°(X;SvT) 

is defined similarly. 

1.7. The Thorn isomorphism and Poincare duality 
The Thorn isomorphism. 

Definition 1.7.1. Let p: E — > B be a F-bundle as in Example ll.l.3lfT1) . 

Let D(p) and S(p) denote the disk and sphere bundles of p, respectively, and 
let T(p) = D(jp) I S(p) be the quotient space. A Thorn class for p is an element 
t p G Hg(T(p);A G / G ) such that, for each G-map b: G/K — > B, 

b*(t P ) €H^(T(b*p);A G/G ) 

^h^(j: v g/k + -Ag/g) 

S A{K) 

is a generator. 

Remark 1.7.2. A Thorn class must live in ordinary cohomology, not dual 
cohomology. The isomorphism H G (Y^ v G/K + ; A g / g ) = A{K) would not hold if G 
were infinite and we were to replace H G with the dual cohomology j^ g ■ 

A Thorn class for p is related to Thorn classes for the fixed-point bundles 
p K . e k b k as foll0 ws. 

Proposition 1.7.3. The following are equivalent for a cohomology class t 6 
H%{T{p);A G/G ). 

(1) t is a Thorn class for p. 

(2) For every subgroup K C G, t\K G H^(T(p); A K / K ) is a Thorn class for 
p as a K-bundle. 

(3) For every subgroup K C G, t G H^ K (T(p K ); A WK / WK ) is a Thom 
class for p K as a W K -bundle. 

(4) For every subgroup K C G, t K \e G W v \(T(p K );Z,) is a Thom class for 
p K as a nonequivariant bundle. 

Proof. That (2) =$> (1) is trivial. To show that (1) =i> (2), let b: K/J -> B 
be a if-map, let b: G/J — > B be the extension of & to a G-map, and consider the 
following diagram. 

H^(T(p);A G/G ) >H v K {T{p)-A K/K ) 

b* fc* 
H^(T(b*p);A G/G ) H%(T(b*p);A K/K ) 
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We need to show that the image of t, under the composite across the top and right, 
is a generator of the copy of A( J) on the bottom right. However, by definition the 
image of t is a generator in the bottom left, and the bottom map is an example of 
the Wirthmuller isomorphism. 

To show that (2) (3), it suffices to assume that K is normal in G (otherwise, 
begin by restricting to NK). Let b: G/L — > B K where K C L C G, and consider 
the following diagram: 

H%(T(p);A G/G ) > H^ K (T(p K );A {G/K)/{G/K) ) 

b' b* 

H^(T(b*p);A G/G ) > H^ K (T(b*p K ); A (G/K)/(G/K) ) 



H^(T, V G/L + ;A G/G ) - > H^ /K (i: v G / L + ; A {G / K) / {G/K) ) 

Again, we need to show that the image of t across the top and down the right 
is a generator. By definition, the image down the left is a generator, and the 
bottom map is an isomorphism because restriction to fixed sets respects suspension 
(Theorem [TXll). 

That (3) (4) follows from the equivalence of (1) and (2). That (4) (1) 
follows from the fact that, for every K, an element of A(K) = co\im\y [S w , S w ]k 
is a generator if and only if its restriction to colimw [S w , S w ] is a unit (that is, 
±1 6 Z) for each subgroup J of K. □ 

In the statement of the Thorn isomorphism theorem we use the following notion 
of orientability (as in, for example, [46]). (The ideas of orientability and orientation 
are generalized and discussed fully in [9].) 

Definition 1.7.4. A F-bundle p: E —> B is orientable if, for every subgroup 
H of G and every b G B H , every loop in B H at b lifts to an orthogonal £f-map of 
the fiber over b that is homotopic to the identity through orthogonal H-m&ps. 

Theorem 1.7.5 (Thorn Isomorphism). If p: E — > B is an orientable V -bundle, 
then there exists a Thorn class t p G Hq(T(p); A G / G ). For any Thorn class t p , the 
maps 



and 



are isomorphisms. 



t p U-. H^(B;T)^H^ +v (T(p);T) 
t p U -: J^(B;S) -> J^ +v '(T(p); S) 



PROOF. The existence of t p and the fact that multiplication by t p gives an 
isomorphism is clear in the special case that p is a bundle over an orbit. The general 
case follows, as it does nonequivariantly, by a Mayer- Vietoris patching argument 
(see [38] or [Tl])- □ 

This Thorn isomorphism can be generalized easily to orientable spherical V- 
fibrations. In fact, in Section [4. 71 we prove a much more general Thorn isomorphism 
for arbitrary spherical G-fibrations. 
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Poincare duality. We now outline a proof of Poincare duality for compact 
oriented ^-manifolds. The noncompact case can be handled in the usual way using 
cohomology with compact supports, as in |38j or [llj . 

Definition 1.7.6. Let M be a closed ^-manifold. A fundamental class of M 
is a class [M] G My(M\ A G i G ) such that, for each point m G M with G-orbit 
Gm C M and tangent plane r m = V, the image of [M] in 

J^(M,M-Gm;A G/G ) 

-/?(Gx Gm S"(«;I G/G ) 

^^(S v ;A Gm/G J 

S A{G m ) 

is a generator. 

The next-to-last isomorphism above is the Wirthmuller isomorphism, which 
would not be true in this form if G were infinite and we were to use Hy in place of 
My . Thus, a fundamental class must live in dual homology, not ordinary homology. 

Note that the map '(M ;A G / G ) -> ,jfy m (S Tm ;A Gm / Gm ) used above is the 
same as the following composite: 

J^(M;A G/G ) -> je^(M;A Gm/G J -» ,3^y m [M, M — m;A Gm/G J 

The fundamental class [M] is related to fundamental classes of the fixed sub- 
manifolds M K as follows. The proof is similar to that of Proposition 1 1 . 7 . 3} 

Proposition 1.7.7. The following are equivalent for a dual homology class 
[i G J^fy (M{A G / G ). 

(1) fi is a fundamental class for M as a G-manifold. 

(2) For every subgroup K CG, fi\K G J&y^ (M; A K / K ) is a fundamental class 
for M as a K -manifold. 

(3) For every subgroup K C G, fj, K G ^y^ K K {M K ; A\yx/wk) * s a fundamen- 
tal class for M K as a W K -manifold. 

(4) For every subgroup K C G, fi \e G H\yK\{M ;Z) is a fundamental class 
for M K as a nonequivariant manifold. □ 

Theorem 1.7.8 (Poincare Duality) . A closed V -dimensional G-manifold M is 
orientable if and only if it has a fundamental class [M] G J^y(M] A G / G ). If M 
does have a fundamental class, then 

- n [M] : H G {M;T) jrf_ a (M;T) 

and 

- n [M] : Jf£(M;S) -» H^_ a (M ;S) 

are isomorphisms. 

Proof. The standard geometric proof, as given in [38j or [llj . works in this 
case. □ 

As with the Thorn isomorphism theorem, we will lift both the orientability 
assumption and the assumption that M is y-dimensional in Section 14.71 

We could also prove Poincare duality from the Thorn isomorphism by using 
the representing spectra. For this, we use the fact that, if M is embedded in a 
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G-representation W with normal bundle v, then the dual of M+ is Yj~ w Tv [29j . 
Thus, we have the following chain of isomorphisms, where the first is the Thorn 
isomorphism. 

H%(M;T) £ H£ +w - v (Tv;T) 

S [TV, S Q+H/ ~ v i?T] G 

* [s M/ L>(M + ),s Q+M '- y i?r] G 

-^ y G _ Q (M;T) 
Similarly, we have the following chain of isomorphisms. 

■#g ( M ;£) = ^ G +W_V (ri/; i 5) 
= [Ti/, Y. a+W ~ V HS] G 
S [S M/ D(A/ + ),E Q+W7 - l/ i7S;] G 
a E a+W - V M + A J?5] G 
^ff£_ Q (M;S) 

As usual, we can take as a fundamental class [M] e ,Ji^y(M;A G / G ) the image of 
a Thorn class in H^~ v '(TV; A G / G ). The maps displayed above can then be shown 
to be given by capping with this fundamental class. 

If M is a compact orientable ^-manifold with boundary, then we can prove 
relative, or Lefschetz, duality. We state the results. 

Definition 1.7.9. Let M be a compact F-manifold with boundary. A fun- 
damental class of M is a class [M,dM] € J%y ! (M,dM;A G / G ) such that, for each 
point m G M — dM with G-orbit Gm C M and tangent plane r m = V, the image 
of [M, dM] in 

J^(M,M'Gm;A G/G ) 

= Jtf{G x K D(r m - V(G/K)),Gx K S(r m - V(G/K));A G/G ) 
^J^(^D(G/G m )+);A G/G ) 
= Jf v m (S Tm ; ^4 Gm / Gm ) 
= A(G m ) 
is a generator. 

There is an obvious relative version of Proposition 11.7.71 Finally, we have the 
following relative duality. 

Theorem 1.7.10 (Lefschetz Duality). A compact V -dimensional G-manifold 
M is orientable if and only if it has a fundamental class [M, dM] . If M does have 
a fundamental class, then the following are all isomorphisms. 

- n [M, dM] : H£(M;T) -> J#ft_ a (M, dM;T) 

- n [M, dM] : iTg(M, dM; T) -> J^_ a (M; T) 

- n [M, dM] : Jtfg(M;S) -> H$_ a (M, dM;S) 

- n [M, dM] : .J#£(M, dM; S) -» H$_ a (M; S) 



CHAPTER 2 



Parametrized Homotopy Theory and Fundamental 

Groupoids 

Introduction 

In this chapter we discuss some needed background material on parametrized 
spaces and spectra. Much of this is summarized from |37j . We add some material 
on lax maps, which requires additional discussion, beyond that provided by May 
and Sigurdsson, of the Moore path fibration functor. 

We also summarize material on the fundamental groupoid. The cquivariant 
fundamental groupoid was considered by torn Dieck in [43] , It was used in [9] to 
give a theory of equivariant orientations, where it provides the necessary machinery 
to keep track of the local representations appearing in a G- vector bundle or a smooth 
G-manifold. In particular, a collection of local representations assembles into what 
we call a representation of the fundamental groupoid. Such representations can 
be thought of as the natural dimensions of G-vector bundles or G-manifolds, and 
provide the grading for our extension of ordinary homology and cohomology. 

The stable orbit category played a prominent role in Chapter [T] In our ex- 
tended theory a similar role is played by the stable fundamental groupoid, which we 
introduce and discuss in the last two sections of this chapter. 

2.1. Parametrized spaces and lax maps 

In [37] May and Sigurdsson give a careful exposition of the homotopy theory of 
parametrized spaces and spectra. We recall the parts we need and refer the reader 
to |37j for further details. 

Definition 2.1.1. Let B be a compactly generated G-space. 

(1) Let GJ^/B be the category of G-spaces over B: Its objects are pairs (X,p) 
where X is a G-fc-space and p : X — > B is a G-map. A map (X, p) — > (Y, q) 
is a G-map / : X — > Y such that q o / = p, i.e., a G-map over B. 

(2) Let GJ^b be the category of ex-G-spaces over B: Its objects are triples 
{X,p, a) where (X,p) is a G-space over B and a is a section of p, i.e., poo- 
is the identity. A map (X,p, a) — > (Y,q,r) is a section-preserving G-map 
f:X^Y over B, i.e., a G-map over and under B. 

When the meaning is clear, we shall write just X for (X,p) or (X,p, a). If (X,p) is 
a space over B, we write (X,p) + for the ex-G-space obtained by adjoining a disjoint 
section. We shall also write X + for (X,p) + , a notation that May and Sigurdsson 
denigrate but should not cause confusion in context. 

As May and Sigurdsson point out, in order to make these categories closed 
symmetric monoidal we need B to be weak Hausdorff but cannot require it of the 
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spaces over B. Hence we assume that B is compactly generated (i.e., it is a fc-space 
and weakly Hausdorff) but assume of the spaces over it only that they are fc-spaces. 

On either category we can define a model category structure in which a map 
/ is a weak equivalence, fibration, or cofibration if it is one as a map of G-spaces, 
ignoring B. Here, as usual, a weak equivalence is a weak equivalence on all compo- 
nents of all fixed sets, a fibration is an equivariant Serre fibration, and a cofibration 
is a retract of a relative G-CW complex. This is what May and Sigurdsson call the 
(/-model structure and they call these classes of maps q-equivalences, g-fibrations, 
and g-cofibrations. However, they point out serious technical difficulties with this 
model structure, stemming from the fact that these cofibrations do not interact well 
with fiberwise homotopy. To rectify this, they define another model structure, the 
(//-model structure, with the same weak equivalences, but with a more restrictive 
class of cofibrations, the (//-cofibrations, and a corresponding notion of (//-fibration. 
In any case, we are entitled to invert these weak equivalences, getting the homotopy 
categories Ho GJ^f/B and HoG^g. If X and Y are ex-G-spaces over B we write 
[X, Y]g,b f° r the set of maps in HoGJfe. 

In this context, inverting the weak equivalences introduces many more maps 
than are evident if one pays attention only to the fiber-preserving maps over B. For 
example, let (X x /, h) and (Y, q) be spaces over B, where h: X x / — » B does not 
necessarily factor through X. Let io, i\ : X — » X X I be the inclusions of the two 
endpoints and let po — hiQ and p\ = hi\. Then the maps io '■ (X,po) — ► (X x /, h) 
and i\ : (X,pi) — > (X x I, h) are both q-equi valences. (That we really want these 
to be weak equivalences is implicit already in Dold's axiom CYL in |16j .) Hence, 
if / : (X, po) — > (Y, q) is a map over B, we have in the homotopy category the map 



which might not be represented by any fiberwise map (X,p±) — > (Y, q) over B. 

There are a couple of useful ways of viewing this example. Conceptually, the 
pair (/, h) specifies a map / : X — > Y and a homotopy h: qf — > p\. This is an 
example of what we shall call a lax map from [X, p\) to (Y, q). Technically, it helps 
to view (/, h) as specifying a map over B from (X,p\) to the Hurewicz fibration 
associate with q. It will be most convenient to use the following variant of the 
associated fibration, given in [37i §8.3]. Recall that the space of Moore paths in B 
is 



We usually write A for (A, I) and l\ for I, the length of A. Moore paths are useful 
largely because they have an associative composition: Suppose A and /i are Moore 
paths with A(oo) = /i(0). Then we write A/z for the Moore path with length 
l\fi = h + In given by 



(We reverse the order of composition here compared to [3 71 §8.3], as it will be more 
useful to us in this order.) If p: X — > B, the Moore path fibration LX — L(X,p) is 
given by 



We define the projection Lp: LX — > B using the endpoint projection: Lp(x, A) = 
A(oo). If X is an ex-space with section a, we define a section La of LX by 



[/] ° M 



G [(X, Pl ),(Y,q)] GiB , 



KB = {(A,0 e S 10 ' 001 x [0,oo) | A(r) = A(Z) for r > I}. 




LX = X x B KB = {(x, A) e X x KB | p(x) = A(0)}. 
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La(b) — (u(b), b), where we write b for the path of length at the point b. There 
is an inclusion i: X —> LX given by i(x) = (x,p(x)) and composition of paths 
defines a map \ : L 2 X — > LX, ^(a;, A,/i) = (x, A/i). With these maps, (L, t,x) is a 
monad. The unit l is a G-homotopy equivalence under (but not over) B, hence a q- 
equivalence, and the projection LX — > B is a Hurewicz fibration, hence a g-fibration 
and a g/-fibration. 

For simplicity, restrict now to the ex-space case. (For the unbased case, just 
ignore sections in the following discussions.) Because l is a ^-equivalence, it induces 
an isomorphism 

[X,Y] g ,b = [X,LY] g ,b 
for any {X, p, a) and (Y, q, r). So, we can represent more maps in [X, Y\q,b by 
considering maps from X to LY over B. A map X — > LY over £? is given by a pair 
(/, A) where / : X — > Y and A : AT — * AS are G-maps under B, with A(x) (0) = qf(x) 
and A(z)(oo) = p(x) for all x. We can view A as specifying a Moore homotopy rel 
er(-B) from q o / to p, by which we mean a G-map 

A: X x [0,oo] -> B 

and a G-invariant map 

; A : A -» [0, oo) 

for which each A(x, — ) is a Moore path of length l\(x), and such that A(— , 0) = qf, 
A(— , oo) = p, and A(cr(6), — ) is the 0-length path at b for every b E B. 

Definition 2.1.2. A lax map (X,p,a) ~> (Y, g, r) is a map A — > LY under 
and over B. It can also be thought of as a pair (/, A) where / : A — » Y is a G-map 
under B and A: qf ^ p is & Moore homotopy rel o~(B). 

In this context we shall call maps under and over B strict maps. We can also 
think of strict maps as those lax maps in which the homotopies have zero length. 
To avoid confusion we will use in the text to indicate lax maps, reserving "— >" 
for strict maps. (In diagrams we will use ordinary arrows and rely on context.) 

We have an associative composition of lax maps: If (/, A) : (X,p, a) ~* (Y, q, r) 
and (g, fi) : (Y, q, t) (Z, r, v), then 

G?,M)°(/, A) = (<?/, W)A), 

where fif : rgf — * qf is the evident Moore homotopy. Thus, we can form the cate- 
gory GJifg of ex-G-spaces and lax maps (similarly, we have the category GJif x /B 
of G-spaces over B and lax maps). Thinking of lax maps as strict maps A — ► LY, 
we have 

G,J4fg(X, Y) = GJr B (X,LY) and GJff x /B{X, Y) = GJf/B{X,LY) 

and we topologize GJ^b A and GJf x /B using these identifications. The composite 
of / : A — > LY and g : Y — > is then the composite 

Thus, the category of lax maps is the Kleisli category of the monad L (see [23] . 
[UJ §VL5], and §5]). 

One of the points of the Kleisli category is that the inclusion GJ^b —> GJffg has 
a right adjoint L : GJf^ — > GJCb- On objects it is given by L, and, if /: X — > LY 
represents a lax map, X/ is the composite 

LX L 2 Y ^ LY. 
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Both the inclusion G,J^b — > GJtfg and Z: GJtfg — > GJfe are continuous. 

There is a notion of homotopy in GJ(fg , defined using lax maps out of cylinders 
X A B 1+ or paths in GJffg(X,Y). We've already noted that l: X — ► LA is a 
weak equivalence; it's not hard to see that, considered as a lax map, it is a lax 
homotopy equivalence, i.e., a homotopy equivalence in GJtfg. Its inverse is the map 
k: LX ~» X represented by the identity 1: LX — > LA. We record the following 
useful facts. 

Lemma 2.1.3. 

(1) If f: X ->y is a sirici map i/iai is a/so a Zax homotopy equivalence, then 
it is a weak equivalence (i.e., a q- equivalence). 

(2) If f : X ^ Y is a lax homotopy equivalence, then its representing map 
f : X — ► LY is also a lax homotopy equivalence, hence a weak equivalence. 

PROOF. To show the first claim, note that Lf = Lf: LX — > LY is a fiberwise 
homotopy equivalence, because L, being continuous, takes lax homotopy equiv- 
alences to fiberwise homotopy equivalences. It then follows, from the following 
diagram and the fact that t is a weak equivalence, that / is a weak equivalence: 

X } -^Y 

i I 

LX—^LY 

^1 

For the second claim, an easy calculation shows that / = Lf o i. Again, L 
takes the lax homotopy equivalence / to a fiberwise homotopy equivalence, hence 
a lax homotopy equivalence. Combined with the fact that i is a lax homotopy 
equivalence, we get that / is a lax homotopy equivalence. □ 

If Y is any ex-G-space, then LY is g-fibrant. If X is g-cofibrant, we then have 

[X,Y] g , b ^[X,LY] g ,b 

^ ixGX B {X,LY) 
-7rG,X B A (X,r), 

where 7r denotes homotopy classes of maps. In other words, if X is q-cofibrant and 
Y is any space over B, then [X, Y]g,b is precisely the set of lax homotopy classes 
of lax maps from X to Y. 

We should point out that the category GJt^ is wanting in several respects. 
It does not, in general, have limits. In particular, it has no terminal object. It 
also lacks colimits in general, although any diagram of strict maps has a colimit in 
GJfg, namely the image of the colimit in GJ^b (because GJffs — ► GJfg is a left 
adjoint). It is, therefore, not a candidate to be a model category. We shall use it 
primarily as a place to represent maps in Ho GJ£b that cannot easily be represented 
in G.J^b- 

We end this section with some results about lax cofibrations. 

Definition 2.1.4. A lax map i: A ~» X is a lax cofibration if it satisfies the 
lax homotopy extension property, meaning that we can always fill in the dashed 
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arrow in the following commutative diagram of lax maps: 



A — A A B I. 




We shall show that the lax cofibrations are precisely the strict maps that are 
cofibrations under B. 

Lemma 2.1.5. If (i, A) : A ~»- X is a lax cofibration, then X is a constant homo- 
topy, so i is a map over B. 

Proof. Suppose that (i,X): (A 7 p,a) ~> (X,q,r) is a lax cofibration. Con- 
struct Mi as the following variant of the mapping cylinder: As a G-space, let 
Mi = X Uj (AAbI+), the pushout along the inclusion i : A — > A Ab I+- Give Mi 
the evident section, but define r : Mi — ► B as follows: 

r(x) = q(x) if x £ A" 

r(a, s) = X(a, l\(a) ■ s) if (a, s) e A Ab !+■ 

Define a lax map (i, A) : AAb/+^> Mi by letting i be the usual map and defining 
A as follows: 

A(a, s, t) = A(a, Za(o) • s + 1) 
^(a,s) = / A (a) • (1 - s). 

Note that the restriction of (i, A) to A A 1 is a strict map over B. Now, from the 
assumption that A —> X is a lax cofibration, we can fill in a lax map / in the 
following diagram: 




Consider the rightmost triangle restricted to A A 1. From the definition of com- 
position and the fact that the restriction of i is strict, it follows that the map 
A A 1 X A 1 must be strict, from which it follows that the original map A ^ X 
must be strict. □ 

Theorem 2.1.6. A lax map i: A ^ X is a lax cofibration if and only i is a 
strict map and a cofibration under B. 

Proof. Suppose that i: A ~» X is a lax cofibration. The lemma above shows 
that i is a strict map. We now form Mi = X Ua (A Ab I+), the usual mapping 
cylinder of i in GJ^b , which is a subspace oi X As !+■ From the definition of lax 
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cofibration we get a lax retraction r: X Ab 1+ ~* Mi. Forgetting the maps to B, 
this retraction under B shows that i is a cofibration under B. 

Conversely, let i: A — > X be a strict map and a cofibration under B. Let 
p: X — > B be the projection. Let g: Mi — > B be the mapping cylinder of i and 
let r: X Ab 1+ — > Mi be a retraction under B. We want to make r into a lax 
retraction. Define h: (X As 1+) x [0, oo] — > B by 



The map ft. is clearly continuous, but is not quite what we need. Let u : X — > / be 
a G-invariant map such that w _1 (0) = A, e.g., = sup{t — p 2 r{x,t) \ t € 1} 
where pi is projection to /. Define A: (X Ab 1+) x [0, oo] — > B by 



Assuming that A is continuous, the pair (r, A) defines a lax retraction, from which 
it follows that i is a lax cofibration. So, we need to check that A is continuous. 

Continuity at points (x, s, t) such that u(x) ^ is clear, so we need to check 
continuity at points (a, s, t) with a £ A. For such a point we have A(a, s, t) = p(a). 
Let V be any neighborhood of p(a) in B. Because / x [0, oo] is compact, we can 
find a neighborhood U of a such that U x / x [0, oo] c /i _1 (V r ). It follows that 
U x / x [0, oo] C A _1 (l / ), showing that A is continuous. □ 

We are now entitled to the following result, in which Cb denotes the mapping 
cone over B and / b indicates the quotient over B. 

Proposition 2.1.7. Suppose that i : A — > X is a strict map that is a cofibration 
under B. Then the natural map c: Csi — > X/ bA is a lax homotopy equivalence. 

Proof. Because i is a lax cofibration, the obvious map k: X Da (A Ab 1+) — > 
Csi over B extends to a lax map (h, A) : X As 1+ ~> Csi- Note that A(a, t) is a 
0- length path for every a £ A and tel. If (ft-i, Ai) is the restriction to X A 1, note 
that /ii takes A to the section, hence induces a lax map h\ : Xj bA ~» Csi, which 
we claim is a lax homotopy inverse to c. 

The composite cod: XA_b^+ X/ factors through fc: X/ Ab 1+ ^ 
Xj bA, which clearly gives a lax homotopy from the identity to coh\. (This uses 
the fact that A is constant on A.) 

On the other hand, it is easy to extend h to a lax homotopy h' : Csi As 1+ — > 
Cb« from the identity to h\o c. □ 

We also have the following results on the homotopy invariance of pushouts and 
colimits. 





and let 



l\{x,s) 



su(x). 



Proposition 2.1.8. Suppose given the following diagram in which the horizon- 
tal maps are strict, the vertical maps are lax homotopy equivalences, and i and i' 



2.2. THE FUNDAMENTAL GROUPOID 



.-,<) 



are lax cofibrations. 

— A >Y 



X' ^-r~ A 1 > Y' 

i 

Then the induced map of pushouts Y Ua X ~> Y 1 LU' X' is a lax homotopy equiva- 
lence. 

Proof. The proof of the classical result, as in [4j 7.5.7], depends only on 
formal properties of the homotopy extension property and homotopies, and can be 
adapted to the context of GJfg. The precursor results to this result also appear 
in the more recent [351 §6.5]; Peter tells us that the result itself will appear in the 
second edition. □ 

Proposition 2.1.9. Suppose given the following diagram in which the horizon- 
tal maps are lax cofibrations and the vertical maps are lax homotopy equivalences. 

X > X l ► X 2 ► • • • 

Y Q > Yi > Y 2 > ■ ■ ■ 

Then the induced map colim„ X n ~+ colim„ Y n is a lax homotopy equivalence. 

Proof. This follows from [4j 7.4.1], specifically the special case considered in 
Step 1 of its proof. (It would also follow from the last proposition of [351 §6.5] 
using details about the forms of the homotopies used in the proof.) Again, the 
proof generalizes to our context. □ 

2.2. The fundamental groupoid 

The following definition was given in [9]. 

Definition 2.2.1. Let B be a G-space. The equivariant fundamental groupoid 
LTg-B of B is the category whose objects are the G-maps x: G/H — > B and whose 
morphisms x y, y: G/K — > B, are the pairs (u>,a), where a: G/H — > G/K is 
a G-map and oj is an equivalence class of paths x — » y o a in B H . As usual, two 
paths are equivalent if they are homotopic rel endpoints. Composition is induced 
by composition of maps of orbits and the usual composition of path classes. 

Recall that is the category of G-orbits and G-maps. We have a functor 
tt: U g B -> Gq defined by n{x: G/H -> B) = G/H and vr(cj,a) = a. We topol- 
ogize the mapping sets in HqB as in [9l 3.1] so, in particular, tt is continuous. 
(The details of the topology are not important here.) For each subgroup H, the 
subcategory 7r _1 (G/ H) of objects mapping to G/H and morphisms mapping to 
the identity is a copy of U(B H ), the nonequivariant fundamental groupoid of B H 
(with discrete topology). UqB itself is not a groupoid in the usual sense, but a 
"categories fibrees en groupoides" |20j or a "bundle of groupoids" [9], 5.1] over Gq 
(which we usually shorten to groupoid over Gq). 

The homotopy fundamental groupoid of B is the category hTlcB obtained by 
replacing each morphism space with its set of path components. Equivalently, we 
identify any two morphisms that are homotopic in the following sense: Maps (u, a), 
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(£, 0): x — ► y, where x: G/H — > _B and y: G/A" — » _B, are homotopic if there is a 
homotopy j: G/HxI^G/K from a to /3 and a homotopy fc : G/iJ x 7 x 7 — » B 
from a representative of w to a representative of £ such that fc(a, 0, t) = x(a) and 
k{a, l,t) — yj(a,t) for all a 6 G/iJ and tel. Thus, hUcB coincides with 
torn Dieck's "discrete fundamental groupoid" [431 10.9]. When G is finite, hUcB = 
T1 G B. 

The main reason we mention the homotopy fundamental groupoid now is to 
make the following connection: HHqB is isomorphic to the full subcategory of 
Ho GJfe determined by the objects x : G / H — > B . This follows from the description 
of Ho GJZb in terms of lax maps given in the preceding section. 

Definition 2.2.2. Let ~f a be the category whose objects are the orthogonal G- 
vector bundles over orbits of G and whose morphisms are the equivalence classes of 
orthogonal G-vector bundle maps between them. Here, two maps are equivalent if 
they are G-bundle homotopic, with the homotopy inducing the constant homotopy 
on base spaces. Let it: "V q — > Gq be the functor taking the bundle p: E — > G/H 
to its base space G/H, and taking a bundle map to the underlying map of base 
spaces. Let Yg{ji) be the full subcategory of Yg consisting of the n-dimensional 
bundles. 

We topologize the mapping sets in V 'q as in [9l 4.1]. The map 

tt: y G (p,q) -» ^b(7r(p),7r(g)) 

is then a bundle with discrete fibers. 

The categories V q and ^G(n) are not small, but have small skeleta which we 
call Yg and ^(n), obtained by choosing one representative in each equivalence 
class. An explicit choice is given in [9l 2.2]. The following is [9j 2.7]. 

Proposition 2.2.3. A G-vector bundle p: E — > B determines by pullbacks a 

map 

p* : U G B - f G 

over &g- A G-vector bundle map (/, /) : p — » q, with /: E —> E' the map of total 
spaces and f : B — > B' the map of base spaces, determines a natural isomorphism 
/* : p* — > g*/* over the identity. If (h,h): (/o,/o) —> *s a homotopy of 

G-vector bundle maps, then (/i)* = o (/o)*- □ 

The map p* is an example of a representation of the fundamental groupoid 
H<;/>': 

Definition 2.2.4. An n-dimensional orthogonal representation of n^i? is a 
continuous functor 7: ng-B — > ^g(^) over If 7 is an 71-dimensional orthogonal 
representation of n^i? and 7' is an n-dimensional orthogonal representation of 
HgB' , then a map from 7 to 7' is a pair (/, 77) where /: B — > £?' is a G-map and 
?y : 7 — > 7' o is a natural isomorphism over the identity of &g ■ 

For example, if V is an orthogonal ^-representation, then we write G XjfV 
for the orthogonal representation of Ug(G/H) associated to the bundle G XjjV —> 
G/H. If B is a G-space and V is G-representation, we also write V for the pullback 
to H G B of the representation V of Hg(*) = &g- 

In addition to there are several other small categories that are useful to use 
as the targets of representations of H G B. They fit into the following commutative 
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diagram (see [9| §§18 & 19] for details). 

f G (n) > @>^ G (n) > &op G {ri) > & G {n) 



sf G {n) > s^if G (n) > s£?op G (n) > s^ G (n) 



Vt G {ri) > v^^f G (n) > v2fop G {n) ► v^ G (n) 

To form the top row, we take the categories of G-vector bundles over orbits, with 
morphisms being, respectively, the fiber-homotopy classes of G-vector bundle maps, 
PL G-bundle maps, topological G-bundle maps, and spherical G-fibration maps. In 
the case of .^ G (n), what we mean is that the objects are bundles, but a map from 
GxhV to GxkW is & based fiber-homotopy class of homotopy equivalences 
G Xh S ->Gxjf S w . The middle row is the stabilization of the top row and the 
bottom row gives virtual bundles. Maps into these categories give us, respectively 
orthogonal, PL, topological, and spherical representations, and their stable and 
virtual analogues. 

In particular, spherical representations arise naturally from spherical fibrations. 
Here, by a spherical fibration we mean the following (see also [9J §23]). 

Definition 2.2.5. A spherical G-fibration is a sectioned G-fibration p: E — > 
B such that each fiber p _1 (b) is based Gb-homotopy equivalent to S v for some 
orthogonal G^-representation V. 

The various categories over ff G that we've discussed, including U G B and the 
twelve categories in the diagram above, are all groupoids over G G . Associated to 
a groupoid tffl over G G , there is a classifying G-space B3£, defined in [9l §20]. The 
following classification result is proved for finite groups as [9j 24.1] and extended 
to compact Lie groups in [§]. 

Theorem 2.2.6. The G-space B& classifies representations of H G B in 
That is, for G-CW complexes B, [B,BM] G is in natural bijective correspondence 
with the set of isomorphism classes of representations R: H G B — > 

2.3. Parametrized spectra 

May and Sigurdsson give a very careful treatment of equivariant parametrized 
spectra in [37] ■ They concentrate on orthogonal G-spectra over B, which give a 
model category with good formal properties. They also discuss G-prespectra over 
B, which arise more naturally as representing objects for cohomology theories. As 
in the first chapter, it is therefore more convenient for us to use the latter, keeping in 
mind that the two kinds of spectra give equivalent stable categories. As explained 
in [37] . we need to restrict our parametrizing spaces to be compactly generated 
and have the homotopy types of G-CW complexes so that all of the functors and 
adjunctions we need pass to homotopy categories. We make this restriction from 
this point on. 

Let S%0{G) be the collection of all finite-dimensional representations of G. 
(May and Sigurdsson consider collections closed under direct sum but not neces- 
sarily containing all representations. For our purposes we do not need the greater 
generality.) The following definition is [37l 11.2.16 & 12.3.6]. 
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Definition 2.3.1. 

(1) A G-prespectrum E over B consists of a collection of ex-G-spaces E(V) — > 
B, one for each V S 310(G), together with structure maps given by G- 
maps 

a: T^E(V) -> E(V © W) 

over B. The <r are required to be unital and transitive in the usual way. 

(2) An Q -G-prespectrum is a G-prespectrum in which each ex-G-space E(V) 
is qj-fibrant and the adjoint structure maps 

a: E(V) -> Q%E(V®W) 

are G-weak equivalences. 
We let G3?b denote the category of G-prespectra over B and G-maps between 
them, i.e., levelwise G-maps over B that respect the structure maps. 

May and Sigurdsson define a stable model structure on GS?b [371 §12.3]. The 
stable equivalences is- equivalences for short) are the fiberwise stable equivalences, 
where the fibers are those of levelwise fibrant approximations. The fibrant objects 
are exactly the fi-G-prespectra. 

We write [E, F]g,b for the group of stable G-maps between two G-prespectra 
over B, that is, RoG^> B (E,F). By [33 12.4.5], [E,F] G , B is stable in the sense 
that, if V is any representation of G then there is an isomorphism 

[E,F]g,b — \E b E,E b F]g,b- 

It is useful to note that these groups are stable in a stronger sense: they are 
stable under suspension by any spherical fibration over B. The following is a direct 
consequence of [37, 15.1.5]. 

PROPOSITION 2.3.2. Let £ be a spherical G-fibration over a G-CW complex B 
and let Yfi denote the fiberwise smash product with the total space of £. Then, if E 
and F are any two G-prespectra over B we have a natural isomorphism 

[E,F) g ,b = [&E,YfiF\ Gt B. 

□ 

The following functors and adjunctions are discussed in detail in [37j . Much 
of that book is aimed at showing that these and other relationships descend to 
homotopy categories. We have the functor : GJb — * G3&B taking an ex-G- 
space X over B to the prespectrum with (Eg 3 A)(V r ) = EgJ. If X and Y are 
ex-G-spaces over B, we write 

{X,Y} G ,B = [^X,T^Y] G<B 

for the group of stable maps from X to Y. More generally, if W is a representation 
of G, we have the shift desuspension functor : GJ^b — * GS?b defined by 

W V ' \B whenT^^V". 

This functor is left adjoint to the evaluation functor given by evaluation at 
W. The adjunction descends to the homotopy categories, by |37|. 12.6.2]. We 
insert here the standard warning: Functors used on homotopy categories are the 
derived functors, obtained by first taking a cofibrant or fibrant approximation as 
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appropriate. In particular, on the homotopy category, does not return the Wth 
space of a prespectrum but the Wth space of a stably equivalent f2-G-prespectrum. 
Suppose that a : A — > B is a G-map. Then there are functors 

a* : GJ^b — ► GJ^St 

and 

a* : G0> B -> G0> A 
given by taking pullbacks. There are also functors 

ot\ : Gj^a — ► GJ^b 

and 

a\ : G£?a -» GS? B 

given by composition with a and identification of base points; (a\, a*) is a Quillen 
adjoint pair. Moreover, a* and at both commute with suspension, in the sense that 

H%a*X = a*T,^X 

and 

Another useful property is the natural homeomorphism 

X A B a\Y & ai(a*X A A Y) 

for ex-G-spaces X over B and Y over A. (The smash product used is the usual 
fiberwise smash product.) This homeomorphism descends to an isomorphism in the 
homotopy category. Similarly, if E is a prespectrum over B, then 

E A B ol\Y ^ as{a*E A A Y). 

We shall apply this most often to the case of p: B — > *, the projection to a point. 
(We shall use p generically for any projection to a point.) p induces functors 
p* : G£? — > G^b and p\ : G@> B -> G9. Notice that 

p*£°°y = y^ p *Y = Y^(B x Y) 

for a based G-space Y, and 

p^X = = ^°°{X/a(B)) 

for an ex-G-space (X,p,a) over B. 

2.4. Lax maps of prespectra 

We would like to define a category of lax maps of prespectra, similar to the 
category GJfg. May and Sigurdsson extended L to a functor on prespectra in |37[ 
§13.3], but there is a mistake in their definition. Moreover, they were not trying 
to make their L a monad, so, for example, took no care to allow for an associative 
composition. We begin by giving a definition that does give us a monad, so that 
we can again define the category of lax maps to be the Kleisli category of L. 

The first difficulty with extending L to a functor on prespectra is that, if K is 
an ex-space, there is no canonical map LK Ab S v — > L(K Ab S v ). So, we need 
to define an ad hoc map, which we call (3 V . (May and Sigurdsson write (3y for 
their similar map.) In defining f3 v , we shall think of S v — D(V)/S(V), so that a 
v G S v will have ||u|| < 1. Here we differ from May and Sigurdsson; the difference 
is unimportant, but we find this choice easier to work with here. We first choose 
any homeomorphism ip: [0, oo] — > [1/2,1] with ip(Q) — 1 and <p(oo) — 1/2. Now 
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we define f3 v by the following formula, in which we write I for l\ to simplify the 
notation: 



(x A v, A) 



if || V || < 1/2 



p v ((x, a) a v) = \ (x a yfr-HhW) - Om' a ) if 1 / 2 < H ^ ^) 



^(i-^dlt;!!)),^ 



;- v -i(IMI) 



if imi > 



Here, as in [37 , we write A|„ for the Moore path of length b—a given by t A(a+i). 

Now, to extend L to prespectra we need to deal with the fact that (5 V o /S 1 ^ 7^ 
/3 yelv , so we do as in [371 §13.3] and consider prespectra indexed on a fixed count- 
able cofinal sequence W = {0 = V C V\ C • • • }. Write Wi = V$ - V$_i (note 
that our indexing of the W« is slightly different from that of May and Sigurdsson) . 
As explained in [371 13.3.5], the category of prespectra indexed on W gives us the 
same stable homotopy category as usual. If X is a G-prespectrum, we define an 
indexed prespectrum LX to have spaces (LX)(Vi) = L(X(Vi)) and structure maps 
o-j : LX(Vi) A B S Wi+1 -> LX(V l+ i) given by the composites 



LX(Vi) A B S 



+ 1 >L(X(Vi) A B S^) 

-iVi-Vi 



■ LAW 



In general, define the structure maps £ j Vi LX(Vi) — ► LXiVj) to be the composite 
o-.,-_i o o- J _2 ° • • • Cj. 

Proposition 2.4.1. The levelwise inclusion 1: X — > XX and levelwise com- 
position x : L 2 X — ► LA make (L,i,x) a monad on the category of W -indexed 
G '-prespectra over B. 

Proof. The main difficulty is showing that t and x are actually maps of pre- 
spectra, and the definition of (3 was crafted to make them so. The fact that 1 is 
a map of prespectra follows from the fact that the following diagram commutes for 
any ex-G-space K: 

KA B S v 



LKA b S 




L(K A B S x 



The fact that % is a map of prespectra comes down to the commutativity of the 
following diagram: 



L 2 K A B S v 

XAl 



(/9 V 



LK A B S 



v 



+ L 2 {KA B S V ) 

x 

-> L(K Ab S v ) 



The verification that these diagrams commute is by straightforward, if tedious, 
calculation using the definition of (3 V . 

That (L, i, x) is a monad now follows directly from the analogous fact for spaces. 

□ 



By analogy with spaces, we now make the following definition. 
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Definition 2.4.2. The category of lax maps of G-prespectra over B, denoted 
G&g, is the Kleisli category of the monad L on the category of #"-indexed G- 
prespectra over B. 

Explicitly, then, a lax map X ~> Y is a strict map X — > LY. The composite of 
the maps / : X ~> Y and g : Y ~> Z is the following composite of strict maps: 

A lax map of prespectra can be thought of as a collection of lax maps of ex-spaces at 
each level, compatible under suspension, using (3 Wi to interpret what compatibility 
means. Composition of lax maps is given levelwise by composition of lax maps of 
ex-spaces. 

Since LY is a levelwise fibrant approximation but not, in general, a g/-fibrant 
approximation of Y, we don't expect to represent all stable maps by lax maps. 
However, lax maps give us just enough more freedom than strict maps to help us 
with the cellular theory we develop in the next chapter. 

There are a number of cases where we will want to know that a functor on strict 
maps extends to one on lax maps. The general context is this: Suppose that ^ and 
3 are categories, (S, rj, fi) is a monad on , and (T, 9, v) is a monad on Write 
<# s for the Kleisli category of S and ® T for that of T, so ^s{X,Y) = <#(X,SY) 
and @t(X, Y) = 3>(X, TY). We ask what we need to extend a functor F: c € -> 9 
to a functor ^5 — > 2$t- The answer is the following. 

Definition 2.4.3. A map of monads (F,i/j): {^.S) — > (3>,T) consists of a 
functor F : c € ^9 and a natural transformation ip: FS — + TF such that the 
following diagrams commute: 




FS ; — >TF 



FS 2 
FS- 



->T 2 F 

vF 

-> TF 



(This is what Street calls a monad opfunctor in [41] . His monad functors have the 
natural transformation going in the other direction, and induce maps of Eilenberg- 
Moore categories.) 



The general theory of |41j shows that a map of monads (F, tp) : S) — » (9, T) 
gives an extension of F to F: ffs — * Explicitly, F(X) = F(X) on objects and, 
if /: X — » represents a map in F), then is the composite 



FX 



Ff 



FSY TFy. 



It is straightforward to check that this defines a functor extending F. In fact, 
though we shall not need it, extensions of F are in one-to-one correspondence with 
natural transformations ip : FS — > TF such that (F, ip) is a map of monads. 
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We have already seen one example of a map of monads, namely 

(S^/3 y ): {GJT B ,L) -> (GJfs, L). 

The diagrams shown in the proof of Proposition 12.4.11 can be rewritten as the 
diagrams showing that (Tig,f3 v ) is a map of monads: 




(d v ) 2 

E^L 2 — — — » L 2 T^ 



Thus, we get the following. 



Proposition 2.4.4. TTie suspension functor E^ extends to a continuous func- 
we shall again call E^ : GJ^fg — » GJtfg. □ 

Explicitly, the suspension of a map / : X ~> V is given by the composite 



Note, however, that E^E^ ^ E^ ffilv in general, because (3 W o /3 y ^ /jVW, 
We insert here a useful fact about lax cofibrations. 

COROLLARY 2.4.5. Suspension preserves lax cofibrations. I.e., if A — » X is a 
lax cofibration of ex-G-spaces, then so is E^A — > E^X. 

Proof. Let i: A — > X be a lax cofibration. Because Eg is a left adjoint (on 
GJ^b), it preserves colimits, hence E^Mi = M(E^i), where Mi denotes the usual 
(fiberwise) mapping cylinder. Because i is a lax cofibration, Mi is a retract of 
X A B 1+ in GJffg, hence M(Sgi) = E^Afz is a retract of E^X A /+ in GJ?£. 
Therefore E^i is a lax cofibration. □ 

We would also like to extend the functors E|? to lax maps. 

Remark 2.4.6. Note that, because we are using indexed prespectra, the functor 
£|? is now defined by 

YZ?X(VA = I 

B when Z <f_ Vt 



Let Z represent the smallest Vi such that Z C V$. Then Y^K = YfSg~ z K. 
From this it is clear that, in the context of indexed prespectra, Eg 3 still has a right 
adjoint, but that right adjoint is f2f, _z f2|?. 

Definition 2.4.7. The natural transformation fif : Eg 3 L — > L£|? is defined 
as follows. Let k be the least integer such that Z C For i > k we let 

/3f = o p w '-* o • • • o /?^+* o V »- Z : Sp~ z L - LEg- z , 
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using the decomposition 

Vi-Z=(V k -Z)® W k+1 8 • • • © W t . 

For i < k, [3^ is the trivial map between trivial ex-spaces. 

Proposition 2.4.8. The natural transformation defines a map of monads 
(H^?, /?§?): {GJ^b,L) — > (G3?b,L). Hence, £|? extends to a continuous functor 
E|? : G,3ffg — > G&g . 

Proof. We first need to verify that is a map of prespectra. For this we 
need the following to commute: 

H V ^- Z LK — -> L^- Z K 

Pz 

We defined /?|? precisely to make this diagram commute. 

Now we need to know that (£|?,/3|P) is a map of monads. That /3|? preserves 
units and multiplication follows by iterating the corresponding facts about the 
(3 v s. ' □ 

COROLLARY 2.4.9. If f: X^Y is a lax homotopy equivalence of ex-G- spaces, 
then £|? / ': Yf^X ^ Yf^Y is a a lax homotopy equivalence of G -prespectra over 
B. □ 

The proof of the following is almost identical to that of Corollary 12.4.51 

Corollary 2.4.10. If A — > X is a lax cofibration of ex-G -spaces, then YfA — ► 
Y^X is a lax cofibration of G -prespectra over B. □ 

We will use this result, together with the fact that pushouts of lax cofibra- 
tions are lax cofibrations, to construct lax cofibrations of G-prespectra over B. The 
following homotopy invariance results are proved the same way as for the corre- 
sponding results for ex-G-spaces. 

Proposition 2.4.11. Suppose given the following diagram of G-prespectra, in 
which the horizontal maps are strict, the vertical maps are lax homotopy equiva- 
lences, and i and i' are lax cofibrations. 




X' <— — A' > Y' 



Then the induced map of pushouts Y (J a X ~* Y' L)a> X' is a lax homotopy equiva- 
lence. □ 

Proposition 2.4.12. Suppose given the following diagram of G-prespectra over 
B, in which the horizontal maps are strict and are lax cofibrations, and the vertical 
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maps are lax homotopy equivalences. 

Xq > X\ y X2 ■ 



Y ► Yi ► Y 2 ► ■ • • 

Then the induced map colim„ X n ^ colim„ Y n is a lax homotopy equivalence. □ 

We mentioned earlier, and it's easy to show, that t : X — > LX is a lax homotopy 
equivalence if X is an ex-G-space. The same is true if X is a G-prespectrum over 
B, but the proof is not as straightforward. (Note that it's easy to show that 1 is a 
stable equivalence.) 

Proposition 2.4.13. If X is a G-prespectrum over B, then 1: X — > LX is a 
lax homotopy equivalence. Its inverse is the lax map k : LX ~> X represented by 
the identity map 1 : LX — > LX. 

Proof. The composite kl: X X is the map represented by l: X — > LX, 
i.e., the identity map in G£? B . 

The composite lk: LX ~> LX is represented by the map Lt: LX — * L 2 X. This 
is not the identity map, but we will show that it is (fiberwise) homotopic to lL, 
which does represent the identity. To this end, for any ex-G-space K we define a 
homotopy H : iL —> Ll, 

H: LK A B [0,oo]+ -> L 2 K, 

natural in K . Here, we use [0, 00] rather than the homeomorphic [0, 1] to make the 
formulas defining H simpler: 

((x,\\ l -*,\\L t ) if* < i 
H(x,X,t)={ 

{(x,\\° ,X\ l ) i£t>l 

In order for H to define a map of prespectra LX — > L 2 X, we need the following 
diagram to commute (where we have in mind K = X{Vi) and V = Wj+i): 

S^LX A B 1+ -^-^ Yy B L 2 K 

LY, V B K A B 1+ L 2 Yy B K 

To check that this diagram commutes is now a computation based on the formulas 
for (3 V and H, which we will leave to the reader. □ 

We can now state the prespectrum version of Lemma 12.1.31 the proof is exactly 
the same. 

Lemma 2.4.14. 

(1) If f : X —> Y is a strict map that is also a lax homotopy equivalence, then 
it is a stable equivalence. 

(2) If f : X Y is a lax homotopy equivalence, then its representing map 
f : X — * LY is a lax homotopy equivalence, hence a stable equivalence. □ 

Corollary 2.4.15. (3f: T,^LK — » LY^K is a lax homotopy equivalence. 
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Proof. Write k : LK ^ K again for the lax map of ex-G-spaces represented by 
the identity 1 : LK — > LK. We know that k is a lax homotopy equivalence (inverse 
to i: K ~> ij-K"), hence Y^k: Yf%LK ~> E^pi^ is a lax homotopy equivalence. By 
the preceding lemma, E|?k is also a lax homotopy equivalence, but it is easy to see 
from the definitions that E^? K = PW- ^ 

Finally, some results about computing the stable homotopy groups used to de- 
fine stable equivalence of G-prespectra. Recall from [371 12.3.4] that the homotopy 
groups of a G-prespectrum X are the stable homotopy groups of the fibers of a 
levelwise fibrant approximation of X, for which we can use LX. So, for each b £ B 
and H C G b , we have 

Trf (X b ) S colirxiTrf (Sl v 'LX(yi) b ) 

S colini7riJJ^(S* <z+y %LX(^) b ) 
S colim7riJ^ B (&!5" ?+v ' I ,LX(V r 2 )) 

i 

S colimTriTJ^&iS'+^X^)). 

Thus, we can represent an element of Trf (X&) as a lax ii-map (/, A) : — > 
X(Vi) for some i. The equivalence relation is then the one generated by lax homo- 
topy and suspension of lax maps. 

We also have the following result that simplifies computing the stable homotopy 
groups of an ex-G-space: If K is an ex-G-space, b £ B, and H C Gb, then 

Trf ((VgK) b ) - Trf ((LEf K) h ) 

- Trf (PfLK) b ) 

S n?(X%LK b ) 

S colimirH Jtr*(S q+v ,Y, v LK b ) 

is just the stable homotopy group of the (non-parametrized) i/-space L-Kfc. This 
also follows from [37, 13.7.4]. 

2.5. The stable fundamental groupoid 

As mentioned earlier, we need a stable version of the fundamental groupoid. 
We use the following definition. 

Definition 2.5.1. The stable fundamental groupoid of a G-space B is the cat- 
egory HqB whose objects are the G-maps x: G/H — > £? (the same objects as the 
unstable fundamental groupoid) and whose maps from (G/H,x) to (G/K,y) are 
the stable G-maps {(G/H,x) + ,(G/K,v) + }b,g- 

Note that, by forgetting B (i.e., applying pi, where p: -B — > *), there is a functor 
(/?: H-gB — > from the stable fundamental groupoid to the stable orbit category. 

To supplement this conceptual definition of the stable fundamental groupoid, 
we give a computational description generalizing the one given in the case of G finite 
in If (G/H,x) and (G/K,y) are two objects in HqX, from the comments at 
the end of the preceding section we have 

U G X(x,y)^n^(^(L(G/K,y) + ) x ). 
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Write L(x, y) for the unbased -ff-space consisting of pairs (gK , A) where gK G G/K 
and A is a Moore path from y{gK) to x(eH). (L(G / K,y)+) x is the disjoint union 
of L(x, y) and a component contractible to the basepoint (coming from the disjoint 
section added to (G/K, y)), so we may safely replace (L(G/K, y)+) x with L(x, y)+. 

By the general calculation of [291 V.9.3], ttq (T,^ L(x, y)+) is the free abelian 
group generated by the equivalence classes of _ff-maps a: H/J — > L(x,y) for those 
subgroups J of H such that the Weyl group WhJ = NhJ / J is finite. A map a is 
equivalent to a' : H/ J' — > L(x, y) if there is an if-homeomorphism £ : H/J — > if/ J' 
such that a' o £ ~ a. In other words, there is a generator for each element of 
ttq(L(x, y) J )/WnJ, with J running through a set of representatives of the conjugacy 
classes of subgroups of H with finite Weyl group. 

Now, from the definition of L(x, y), an if-map map a: H/J — > L(x, j/) is equiv- 
alent to a pair (/3, A) such that j3 is an iJ-map and the following diagram commutes 
up to the Moore iJ-homotopy A: yf3 — > ia: 

JT/fT ^— H/J — G/if 




Using the G-homeomorphism G Xjj (H/J) w G/J, (/3, A) in turn gives a triple 
(a, /3, A) where a and /3 are now G-maps and the following diagram commutes up 
to the G-homotopy A: 

G/H G/J — % G/if 




Analyzing when two such diagrams are to be considered equivalent, we get the 
following description of HqB. 

PROPOSITION 2.5.2. If x: G/H — > B and y; G/K — » B, i/ien IIgB(x,?/) is 
t/ie /ree abelian group on the set of equivalence classes [a, j3, A] as m the following 
diagram: 

G/H G/J G/K 




B 



Here, J C H with WhJ finite, a and (3 are G-maps, and X is a Moore G-homotopy 
from y o (3 to x o a. We say that (a,(3,X) is equivalent to (c/,/3 1 , A') when we 
have a G-homeomorphism £: G/J' — > G/J swc/i i/iai </ie diagram below coherently 
homotopy commutes, meaning that there exist G-homotopies j: G/J' x / — > G/H 
from a' to a£, k: G/J' x I -> G/if /rom /?' to and m: G/J' x [0, oo] x 7 -> B 
swc/i i/iai m(gJ', — , f) is a Moore path for each g and t, with 

(1) m(— , — , 0) = A' and m(— , — , 1) = A£, and 

(2) m(— , 0, — ) = yk and m(— , oo, — ) = xj. 
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B 

a 

Given a triple [a, [3, A] as in the preceding proposition, let z — x o a. It follows 
that a free generator of HgB(x 1 y) can be written as a diagram of the form 

x «— z — » y. 

The corresponding map in rigi^a;, y) is the composite of the transfer r : Y,qG / H + — 
T,qG/K + associated with the projection a and the unstable map z —> y over B 
specified by the pair (/?, A). 

To describe composition, suppose that [a, (3, A] : x ^ y and [7, 5, /u] : y — > z. We 
form the following diagram, in which P makes the top diamond a pullback. 



P 




G/J G/L 

V X V X 

G/i? G/if G/M 




P 

If G is finite then P is a disjoint union of orbits of G, say P = Jj^G/iV;. By 
composition, each orbit gives us a diagram 

G/H <r^— G/N z G/M 

and composition of the paths /x and A gives a homotopy Ai : z/3, — > aiaj. The 
composite in IIg-B is then 

[7,8, t$ [«,/3,A] = ^[oj,A,Ai]. 

In general, P is a manifold over G/H and we can write P = G x# P' where 
P' is an P-manifold. If t(P') £ 7Tq (Eg 3 Pi) is the transfer associated with the 
projection P' — > *, then, by [291 V.9.3], we can write t(P') as a finite sum 

i(P')=^n i K:lf/iV i ^P']. 

Thus, the transfer map t(P): T,qG/H + — ► £qP+ can be written as the finite sum 

t(P) = J2 n d w i- G/Ni^P}. 
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As above, each w% gives a triple [pn, /3i, Xi) and the composite in HqB is 

[j,6,rj\ o [a,0,w] = 22 rii [ai,0i, A,:]. 

This describes the composite of two generators, so we can now extend bilinearly to 
describe composition in general. 

2.6. A technical result 

In preparation for defining cellular chains in the next chapter, we need to prove 
a technical result. We continue working with a fixed parametrizing space B. 

Definition 2.6.1. Let x: G/K -^Bbea G-map and let V be a representation 
of K. Consider G xk S to be an ex-G-space over G/K, with section r; G/K — > 
G Xk S v the inclusion of the compactification points, and define S V ' X = x\(G x k 
S ). Explicitly, it is defined by the following diagram, in which the top square is 
a pushout and the composite down the right side is the identity on B. 

G/K >B 



G x K S v >S V ' X 



G/K— >B 

If 7 is a spherical representation of IIgB, x: G/K — > B, and 7(2:) = Gxs- S , 
we write S 1,x for S V ' X . 

Definition 2.6.2. Let 7 be a stable spherical representation of HqB. Define 
a category II 7 B to have as objects the maps x: G/K — > B (i.e., the same objects 
as IIg-B), and as morphisms 

%B(x,y) = {S^,S^y} G ,B, 

the group of stable maps. 

Note that IIo-B = HqB. The purpose of this section is to prove the following 
result. 

Theorem 2.6.3. For any 7, the category H 7 B is naturally isomorphic to HqB. 

A proof of this result when G is finite appeared in Lemma 4.2]. The idea 
of the proof given there is that a stable map from S" 1 ^ to S 1,y , viewed as a lax 
map, involves paths from x to y through fixed sets X J , and applying 7 to such a 
path determines a J-isomorphism between 7(2) and j(y). In other words, in the 
eyes of the subgroups that matter, the two representations are identical, and we 
get the same maps as if they really were the same representation. 

We now give a different proof that works for arbitrary compact Lie groups. 
We shall embed both categories in a larger category and show that the images are 
identical. This will be a much modified version of torn Dieck's approach to maps 
between spheres in [43, II. 4]. We need a preliminary definition. 
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Definition 2.6.4. Let X and Y be nonequivariant spaces and let /: X — ► Y 
be a nonequivariant map. Let Z7i"i(/) denote the contravariant functor on HY given 

by 

ZrrxtfXy) = {(*,»)+, (X,/)+} y 

for every map y : * — ► y. 

We use this notation because 

Ztti £ 7T (£??L(y,/) + ) = Z7r (L(y, /)). 

(ZS denotes the free abelian group generated by the set S.) Similar to the notation 
in Section l2~5l L(y,f) here denotes the fiber over y of the Moore path fibration 
associated to /, so that no(L(y, /)) = tti(/, y) is the usual m of a map. Notice that 
if Y = * then Ztti(/) = Ztt (X). 

Here is the larger category in which we shall embed HqB and II 7 B. 

Definition 2.6.5. Define AB to be the category whose objects are those of 
HgB, but whose morphisms from x: G/H — > B to y: G/if — > B are given by 

AB(x,y)= J] NatCZm^^^m^ 7 ))^ 
(J)erG 

where LG denotes the set of conjugacy classes of closed subgroups of G. Here, 
x J denotes the map x J : (G/H) J — > i? J and Nat denotes the group of natural 
transformations. 14 7 J acts on this group of natural transformations in the obvious 
way, and we take only the M^J-invariant transformations. 

Note that, if J and J' are conjugate, then there is a canonical identification 

Nat(Z7ri(x J ),Z7ri(y J )) vl/J S Nat(Z 7 ri(a; J '),Z7ri( 2 / J ')) vl/J '. 

Notice also that, if B = * is just a point, then 

A(*)(G/H,G/K)= JJ Rom W j(Z7ro{G/H) J ,ZTT {G/K) J ). 
(J)erc 

Now, there is a functor 

(5: U G B -» AB 

that is the identity on objects, and on a morphism / : x — -> y is given by 

<K/)=n/* 7 - 

(./) 

We think of 6 as recording the degrees of the fixed-set maps f J , but it also records 
the path data associated with /, thinking in terms of lax maps. 

Our next goal is to define a similar functor 5 7 : Ii 1 B — » AB. To this end, 
consider a map in W 1 B{x,y) and, using the discussion at the end of the preceding 
section, represent it by a lax map 

/: S~>' x AS V -» S™ AS V . 

Taking J-fixed points we get a lax map 

f J : S^ J > xJ AS vJ ^S^^ AS V \ 

Consider now a point z £ B J and an unstable lax map rj: z — > x J representing a 
generator of Ztti(x j )(z). Write W — r y(x) r ^ z - ) , the fiber of 7(21) over rj(z). Then 
the composite of f J and r\ is a stable map f or]: z — + y* 7 represented by the lax 
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map (F, A) where F: S w '' ' z A S v '' -» S^'^' 7 A S W and A is a Moore homotopy 
from y J o F to z. f is homotopic to a map transverse to the zero section, so we 
may assume that F itself is transverse. F~ 1 {y J ) is then a finite set of points in 
W J © V J ; let w be one such point. The restriction of F to w determines a linear 
isomorphism 

F: W J © V J -» 7 (y)^ © ^ J 

where w = F(w) G y J . On the other hand, A determines a path from yov : G/ J B 
toiotj: G / J ^ B in B J , and applying 7 to this path determines a J-isomorphism 
W © V = j(y) v © V which then determines another isomorphism 

r: W J ®V J ^ 1 {y) J v ®V J . 

We now let e be the degree of the composite r^ 1 o F (i.e., e = ±1). Let ui be the 
path in B J from z to determined by 77 and A; we now can let 

The usual transversality arguments show that this is independent of the choice of 
representative F transverse to the zero section. It is now not difficult to check that 
5j(f)j is a well-defined natural transformation for each J. Moreover, using the 
functoriality of 7, it is not hard to show that <5 7 is a functor. 

What £ 7 really does is record the degrees of the various fixed-set maps f J , 
using 7 and the path data associated with / to identify the source and target 
representations . 

Lemma 2.6.6. The image of 5 is contained within the image of <5 7 . 

Proof. Let x: G/H — > B. As in the comment after Proposition 12.5.2"! a 
generator of HcB(x,y) can be written in the form 

x -^-> z — > y 

where r is the transfer map associated with a projection G/ J — > G/H. If we replace 
the map z —>■ y with the map 5 7,z — > S 17 ^ induced by 7, we get a map in II 7 i?(2;, ?/) 
that has the same image under <5 7 as the original map x — > y did under S. □ 

The construction used in this proof will turn out to define an isomorphism of 
HqB with Ii 1 B, but we shall not prove this directly. 

Our next task is to show that both 6 and S 7 are injective. For this it suffices 
to restrict our attention to the set of maps between two objects x and y. We shall 
actually show that a composite into another set is injective. 

Definition 2.6.7. Suppose that x: G/H — > B. Let denote the set of 
-ff-conjugacy classes of subgroups J C H with \Wh J\ < 00. Let 

e:AB(x,y)= JJ Nat(Z7n(x J ), Zn 1 (y J )) WJ -> J] Zm(y J ,x(eH)) w » J 
(J)erG (J)e$H 

be the homomorphism given by 

e (^)(j) = ^j(e-ff) 

where ei/ denotes the element in 7Ti(a;' / , x(eH)) given by the element eff € G/iT 
and the constant path at x(eH). Note that T]j{eH) is well-defined, independent of 
the choice of J in its iJ-conjugacy class, but that it does vary in the G-conjugacy 
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class. That is, e is well-defined, but it need not be the case that e{rj)^j) = e(rj)rji\ 
if J and J' are conjugate in G but not in H . Now define 

d=eo5:TL G B{x,y)^ ]J Zm(y J , x{eH)) w » J 

and 

d 1 = eoS 1 :U 1 B{x,y)^ J| Ztti (y J , x(eH)) WH J . 

(j)e#H 

We shall show that both d and d 7 are injective, from which it follows that S 
and <5 7 are injective. The remaining arguments are obstruction theory arguments, 
and we first need a result generalizing [431 II.4.9]. 

Lemma 2.6.8. Suppose that W is a finite group, S is a finite W -set, and 
e: W — > {±1} is a homomorphism. Write Z c for Z with W acting through e, Z[S] 
for the W -module generated by S, and Z e [S] for the W -module given by the action 
of W on S and the action ofW onZ through e. Suppose that X is a W -complex 
and that A C X is a subcomplex, such that 

(1) dimX = n > and dirriv4 < n — 2; 

(2) W acts freely on X — A; and 

(3) H n (X;Z) = Z e . 

Then H n (X; Z e [S]) = Z[S], and the composite 

{X, A; Z £ [S] ) - H n (X, A; Z e [S] ) -> H n (X ; Z c [S] ) 

is injective, with image the set of multiples of T = ^2 W ^ W w E Z[W]. 

Here, Hyy (— ; Z e [5]) denotes Bredon cohomology with coefficients Z e [S] con- 
centrated at W/e. 

Proof. It suffices to show the case in which W acts transitively on S. That 
H n (X;Z e [S]) = Rom(H n (X),Z e [S]) = Z[S] 
is clear. Since dimA < n — 2, it is also clear that we have the isomorphisms 

H n (X, A; Z e [S] ) S H n (X ; Z e [S] ) 

and 

i^(X,A;Z e [S])Sff^(X;Z e [S]). 

Now let X k denote the fc-skeleton of X. We have the following exact sequences of 
W-modules: 

«- H n (X ; Z e [S] ) <- Hom(H„ (X" , X n ~ 1 ) , Z e [5] ) 

«- Hom(ff n _ 1 (X"- 1 ,X"- 2 ) ! Z e [5]) 

and 

<- £T^(X; Z e [S]) <- Hom w (JJ„(X", X"" 1 ), Z e [5]) 

«- Homw (H n -i (X n - 1 , X n - 2 ) , Z e [5] ) . 
Now if F is any free VF-module, there is a surjection 

v. Hom(F,Z e [S]) ^ Hom w (F,Z e [5]) 
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given by / i— ► X)u>ew w .f w ■ This induces a surjection 

v. H n (X;Z e [S]) - H^(X;Z e [S]). 
On the other hand, the inclusion of Hom^/ in Horn induces the map 

t:H^(X;Z € [S])^H n (X;Z € [S}) 

in which we are interested, and toy is multiplication by T. Now observe that, since 
v is surjective, the trivial ly-module H^(X; Z e [S]) is cyclic, so must be isomorphic 
to Z or Z/k for some k. On the other hand, the image of t is the set of multiples 
of T, so is isomorphic to Z. Therefore, H^ V (X;Z C [S]) must also be isomorphic to 
Z, and t is injective with image the multiples of T. □ 

Now we do the obstruction theory. If V is a representation of H, let &(V) be 
the set of conjugacy classes of isotropy groups of V that are also in 

LEMMA 2.6.9. Let V be a representation of H such that \V H \ > 2, and such 
that \V L \ < \V K \ - 2 whenever K C L and V L ^ V K . Let z e B H and let 
y: G/K^B. 

(1) Letf:T, v z+^T, v y + be a map in HJ^. LetT = J2 weWllJ w eZ[W H J] 
as above. If d' = d(f)j mod (T) in the group Z-K\(y\ z) Wh J , then there 
exists another map f : — ► such that 

f'\(S v )> J = f\(S v )> J 

and d(f')j = d'. 

(2) Let f and f : — > be maps in HJffg such that their restric- 
tions to (S V ) >J are homotopic in (Wh J)^b>' ■ Then d(f)j = d(f')j 
mod (T). 

(3) Two maps f, f : H v z + — > in HJtfg are homotopic if and only if 
d(f)j = d(f')jforall(J)e^(V). 

PROOF. This is fairly standard obstruction theory, once we observe that we 
can replace the target y with the associated fibration Ly and then look at _ff-maps 
from S v into T, v L(z, y)+. According to obstruction theory, if / and /' are two H- 
maps from (S v )^ to E v L(z,y) + whose restrictions to (S V ) > ( J ' ) are homotopic, 
then the obstruction to extending the homotopy to all of (S v )^ is an element of 

H^j({S v y,(S v )> J ;7: n (^ v L(z,y) + y)) 

where n — \V J \. It is not hard to see that the preceding lemma applies to allow us 
to consider this obstruction as an element of H n ((S v ) J ; n n ((Z v L(z, y) + ) J )) WJ = 
Zni(y J ,z), where it is a multiple of T. But this must be the nonequivariant ob- 
struction to extending the homotopy, which is d(f)j — d(f')j. The rest of the 
argument is standard. □ 

Lemma 2.6.10. Let V be a representation of H such that \V H \ > 2, and such 
that \V L \ < \V K \ - 2 whenever K C L and V L ^ V K . Let z e B H and let 
y: G/K -> B. If x: G/H -> B has x{eH) = z, write V(z) = j(x) z . 

(1) Letf: S y S y ( z )z + -> £ y X:^% + be a map in HJT£. LetT = J2 we w H j w e 
Z[W H J] as above. If d' = d 7 (f)j mod (T) in the group Zm(y J , z) WhJ , 
then there exists another map f: YXyX^ z + — > £ y E 7 ( y )y + such that 

f'\(S v ^ A S V ) >J = f\(S v ^ A S V ) >J 
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and dj(f')j — d' . 

(2) Let f and /' : E v E y ( z >z+ -> E y E 7 (' y )y + 6e maps m HJtTg such that 
their restrictions to (S v ^ /\S V ) >J are homotopic in (WhJ)^^>j ■ Then 
d 7 (/)j = d 7 (/')j mod(T). 

(3) Two maps /, /': S^S 17 ' 2 ' z + — > E^E 7 ^)^ inHJtfg are homotopic if and 
onlyifd J (f)j = d y (f')jforall(J)e®(V®V(z)). 

Proof. This is identical to the preceding lemma once we notice that 7 allows us 
to identify the two W J-modules 7r„((E y E y ( z )i(z, y)+) J ) and 7r„((E v 'i(z, TT>Wy+)) J ), 
where n = V(^) J ©T /J |. (This uses the same sort of argument as in the construction 
of(5 7 .) □ 

PROOF of Theorem 12.6.31 Lemmas 12.6.91 and 12.6.101 imply that d and d 7 
are injective, hence so are 5 and 5 7 . Lemma 12.6.61 showed that the image of 5 
is contained in the image of <5 7 , and so we have an injective functor a: TIqB 
H 7 B. It remains to show that this functor is surjective on morphisms. Fix objects 
x: G/H — > B and y : G/K -» B, and suppose that /: E^S 7 ^ -» E^S* 7 ^ represents 
a map in n 7 B(a;,y). It is easy to find a map /o £ LlGi?(x,j/) such that d(/o)ij — 
d 7 (/)#. By induction on the orbit types in <&(V © j(x) e H) we can now modify /o, 
using Lemmas 12.6.91 and 12.6.101 and the fact that d = d 7 o a, to construct a map 
/' G n G S(a;, y) such that d(/')j = cL,(f)j for all (J) G <J>(V © j(x) eH ). It follows 
from Lemma 12.6.101 that a(f') = /. Therefore a is surjective on morphisms, and 
hence is an isomorphism of categories. That the construction of a is natural is clear 
from the definitions of S and <L,. □ 
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G-CW Parametrized Spaces and Spectra 

Introduction 

As we've already mentioned, RO (G)-graded ordinary cohomology is not ade- 
quate to give Poincare duality for G- manifolds except in very restrictive settings. 
To get Poincare duality we need to extend to a theory indexed on representations 
of HX. (For simplicity of notation we shall now write HX for HqX.) That is, the 
homology and cohomology of X should be graded on representations of HX. A 
construction of the RO (IIA)-graded theory for finite G was given in [11) . and the 
theory was used in [12] and [14] to obtain 7T-7T theorems for equivariant Poincare 
duality spaces and equivariant simple Poincare duality spaces. In this chapter we 
give a construction for all compact Lie groups. 

The construction uses CW spaces or spectra in which the cells are modeled on 
disks of varying representations, as specified by a stable spherical representation 
of HX. It will be convenient for spaces — and essential for spectra — to have the 
representation carried by a parametrizing space. Thus, we work in the categories 
of spaces and spectra parametrized by a fixed basespace B and grade on RO(HB). 

At the end of [37] , May and Sigurdsson discuss the difficulties inherent in trying 
to develop a good theory of CW objects in the parametrized context. For paramet- 
rized spaces, the problem comes down to the fact that CW spaces are not generally 
fibrant. The usual technique for producing cellular fibrant approximations, based 
on the small object argument, does not give CW spaces. On the other hand, the 
Moore path fibration approximation does not preserve cellular objects. It is not 
at all clear that there is a construction that will give CW fibrant approximations 
for all parametrized spaces. The result is that, for the CW spaces that arise from 
our constructions, we cannot expect that maps between them can be approximated 
up to fiberwise homotopy by CW maps. However, if we are willing to relax our 
requirements a bit, we can approximate maps by lax maps that preserve skeleta, 
which is quite sufficient for our purposes here. 

For CW spectra, there is an additional problem, which we can call the problem 
of stability. This is essentially the fact that the fibrant parametrized prespec- 
tra are the f2-prespectra, which are levelwise fibrant but also have the property 
that E(V) — > Sl^ E(V © W) is a weak equivalence. The problem arises in the 
following form: The stable homotopy groups of a fibrant prespectrum E can be 
computed using maps of prespectra G/H + A S n — > E\>. For a general prespectrum, 
however, even one that is levelwise fibrant, we need to use a colimit of the form 
colim w irHje*{^S n+w , E(W) b ). Thus, maps out of a single cell G/H+ A S n 
do not detect stable homotopy. May and Sigurdsson point out that, in the non- 
parametrized case, this problem is addressed by using Lewis-May spectra |29j . They 
sketch a theory of Lewis-May type parametrized spectra, which would address the 
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problem of stability, but it's not at all clear in that context how to address the 
fibrancy problem that still exists. Again, it will suffice for our purposes to get 
around these problems by working with lax maps, but also working with certain 
pro-systems of CW spectra, rather than single spectra, when approximating maps. 

3.1. G-CW(7) complexes 

Fix a compactly generated G-space B of the homotopy type of a G-CW com- 
plex, and a stable spherical representation 7 of TIB. In this section we describe a 
theory of CW complexes in GJff/B, the cells being locally modeled on 7. At the 
end of the section we describe a similar theory for GJfe- We begin by describing 
the cells we use. 

Definition 3.1.1. A j-cell is an object e = (G x H D(V),p) in GX /B such 
that 7(G Xh 0,p) is stably spherically isomorphic to Gx^ (V + n) for some possibly 
negative integer n. The dimension of e is |V|. The boundary of e is de — (G Xg 
S(V),p). 

Because GX/B has pushouts, we can now speak of attaching a cell e to a 
space A over B, given an attaching map de — > A over B. 

Definition 3.1.2. A G-CWfa) complexis a filtered object 

(X,p) = colim(X",p n ) 

in GX/B, where A is a union of O-dimensional 7-cells, and each (X n ,p n ), n > 0, 
is obtained from (X n ^ 1 ,p n ~ 1 ) by attaching n-dimensional 7-cells. If (X,A,p) is 
a pair of spaces over B, then we define a relative G-CWfa) structure on (X,A) 
in the obvious way. We shall also write X^ +n for X^ +n . If we allow cells of 
any dimension to be attached at each stage, we get the weaker notion of a j-cell 
complex. 

Examples 3.1.3. 

(1) If V is a representation of G and A is a G-CW(V) complex, then, consid- 
ering A as a space over itself, A has the structure of a G-CW(V) complex. 

(2) If M is any smooth G-manifold, let r be the tangent representation of 
ELM. If G is finite then the dual of a smooth G-triangulation (as in Ex- 
ample [TTl.3p gives an explicit G-CW(t) structure on M, again considering 
M as a space over itself. If G is infinite then the dual gives a dual G-CW(r) 
structure of the sort we shall discuss later. 

(3) If p: E — > B is a G- vector bundle, let p be the associated representation of 
HB as in 12.2.31 Let S p be the fiberwise one-point compactification of the 
bundle, with basepoint section a: B — » S p , so (S p ,p,a) is an ex-G-space. 
If B is a G-CW complex, then (S p , o~{B)) has an evident structure as a 
relative G-CW(p) complex. We use (S p , cr{B)) as a convenient model for 
the Thorn space of p because, unlike the Thorn space, it comes with a 
natural parametrization. 

In order to accomplish our next goal — that of proving cellular approximation 
and Whitehead theorems — we need appropriate homotopy groups. 

Definition 3.1.4. Let /: A Y be a lax map and let e = (G x H D(V),p) be 
a cell. We define n e (f) to be the set of homotopy classes of commutative diagrams 
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of lax maps of the following form: 

de >X 

f 

e ► Y. 

This is functorial in / in the evident way. We say that 7T e (/) is trivial if it coincides 
with im(7r e (lx) — ► 7T e (/)), i.e., if every diagram is homotopic to one in which we 
can find a lift e ~» X. 

Note that, because <9e — * e is a lax cofibration by Theorem I2.1.6[ we can say 
that 7r e (/) is trivial if every diagram as above is homotopic rel de to one in which 
we can find a lift. 

Definition 3.1.5. A lax map /: X Y is a (7 + n) -equivalence if 7r e (/) is 
trivial for all 7-cells e of dimension < I7I + n; f is a weaA; 7- equivalence if it is a 
(7 + n)-equivalence for all n. 

We insert the following reassuring result. In its statement, we write 7(6)- 
equivalence for ^-equivalence, where 7(6) is stably equivalent to G XQ b S . 

Theorem 3.1.6. Lei f : X ^Y be a lax map. The following are equivalent: 

(1) f is a weak 7- equivalence. 

(2) for eac/i & 6 £? ; /{,: — > Llf, is a weak 7(6)- equivalence. 

(3) TTie underlying map of spaces f is a weak G- equivalence. 

Proof. A 7-cell e with p(0) = 6 is lax homotopy equivalent to the cell e' of 
the same dimension with p(e') = b. It follows that / is a weak 7-equivalence if and 
only if each map of fibers fb ■ LXf, — > LY, is a weak 7(&)-equivalence. 

Theorem 11.1.121 tells us that ft, is a weak 7(6)-equivalence if and only if /& is 
a weak G^-equivalence. Comparison of the long exact sequences of the fibrations 
LX — » B and LY — > £? shows that each is a weak equivalence if and only if 
/: X — > y is a weak G-equivalence of G-spaces. □ 

We have the following variant of the "homotopy extension and lifting property" . 

Lemma 3.1.7 (H.E.L.P.). Let r: Y ~> Z be a (-j + n)- equivalence. Let (A, A) be 
a relative "f-cell complex with cells of dimension < \ j\ + n. If the following diagram 
commutes in GJf x /B without the dashed arrows, then there exist lax maps g and 
h making the diagram commute. 



A ► Ax L i A 




X : > X X I< ; A 

i ii 



The result remains true when n = 00. 

Proof. We can use the same proof as that given for Lemma fl. 1.6) understand- 
ing all maps to be in the lax category. □ 
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To state the Whitehead theorem, we need the following notations. Write 
ir(GJ{f x / B)(X, Y) for the set of lax homotopy classes of maps X ~> Y. If A C X 
and / : A ~> Y, write ir(GJ^ x / B) (X, Y) / f for the set of lax extensions of / modulo 
lax homotopy rel A. 

Theorem 3.1.8 (Whitehead). 

(1) Ifr: Y ~> Z is a (7 + n)- equivalence and X is a ( | — y | + n — I) -dimensional 
j -cell complex, then 

r, : 7r(GJT A /B)(A, F) -> 7r(GJT A /5)(A, Z) 

is an isomorphism. It is an epimorphism if X is ( | — y | + n)- dimensional. 

(2) If r:Y ^ Z is a weak "/-equivalence and X is a "/-cell complex, then 

r, : 7r(GJT A /B)(A, F) -> 7r(GJT A /5)(A, Z) 

is an isomorphism. In particular any weak "/-equivalence of G-CW("/) 
complexes is a lax homotopy equivalence. 

(3) If r:Y ~* Z is a (7 + n) -equivalence, [X, A) is a relative (|7| + n — 1)- 
dimensional "/-cell complex, and f : A^Y is a lax map, then 

r* : ir(G.JT x /B)(X, Y)/f -» 7r(GJT A /S)(X, Z)/r/ 

is an isomorphism. It is an epimorphism if(X, A) is (\"f\+n)-dimensional. 

(4) If r:Y ^> Z is a weak "/-equivalence, {X, A) is a relative "/-cell complex, 
and f : A"^Y is a lax map, then 

U : ir(GJf x /B)(X, Y)/f -» 7r(Gjr A /S)(X, Z)/r/ 

is an isomorphism. 

Proof. This follows from the H.E.L.P. lemma in exactly the same way as in 
Theorem HX71 □ 

Definition 3.1.9. A lax map /: X ~> F of G-CW(7) complexes is cellular 
if f(X n ) C F™ for each n. Cellular lax maps of relative G-CW(7) complexes are 
defined similarly. 

Theorem 3.1.10 (Cellular Approximation). If f : X Y is a lax map of G- 
CW("f) complexes that is cellular on a subcomplex A C X, then f is lax homotopic 
rel A to a cellular map. A similar statement holds for relative G-CW("/ ) complexes. 

Proof. This follows easily from the H.E.L.P. lemma once we show that the 
inclusion Y 1+n — > Y is a (7 + n)-equivalence. This reduces to showing that, if K C 
H C G, V is a representation of K, (M, dM) is a if-manifold contained in D(V), 
and V is a representation of H stably spherically equivalent to V as a representation 
of K, then there are no essential if-maps (M, dM) -» Gx H (D(V'+k), S(V'+k)) for 
k > 0. This follows from ordinary obstruction theory, using a if-CW decomposition 
of M, the point being that V and V have the same fixed-point dimensions. □ 

Theorem 3.1.11 (Approximation by G-CW(7) complexes). Let (X,A,p) be 
any pair of objects in GJ(f /B. Then there exists a relative G-CW(j) complex 
(TX,A) and a weak equivalence TX — > X under A in GJ(f /B. 

Proof. As for G-CW(V) complexes, we kill homotopy groups. Start with 
TqX, a union of A and 0-cells, and a map fo : ToX — > X in GJf/B with 7T e (/o) triv- 
ial for all 0-dimensional cells e. Inductively, we assume that an (n — Inequivalence 
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fn-i '■ (T n -iX, q n -i) —> (X,p) has been constructed (with f n -i a strict map). Con- 
sider an n-dimensional 7-cell e and a diagram of lax maps representing an element 
of 7T e (/„_i): 



de 



(«,A) 



(/3,M) 



fn- 



Let e' be the cell with the same underlying space as e but mapping to B by the 
map p/3, so de maps to B by g n _ia. Replacing e with e' gives us the following 
diagram of strict maps: 







->X. 

Use a to attach e' to r„_iX and use /3 to map the result to X. It is easy to see 
that this kills the original clement of 7r e (/ n _i). Attach cells in this way to trivialize 
7i"e(/n-i) for arbitrary n-dimensional cells e. We then take TX = colim„ T n X. □ 

Note that, by Whitehead's theorem, the map TX — > X is unique up to canonical 
lax homotopy equivalence. In addition, if / : X ~> Y" is a lax map, then there is 
a lax map T/ : TX ~» TF, unique up to lax homotopy, such that the following 
diagram commutes up to lax homotopy: 

r/ 



TX 



X 



-+TY 



f 

Turning to GJ^b, we make the following definition. 

Definition 3.1.12. An ex-G-CW(y) complex, or a G-CW(7) complex in G,J£b, 
is an ex-G-spacc (X,p, a) together with a relative G-CW(7) structure on (A, a(B),p) 
as a pair in GJff/B. Ex-j-cell complexes are defined similarly. 

Equivalcntly, we can think of an ex-G-CW(7) complex as built out of 7-cells of 
the form e + = (G x H D(V),p)+. The following are special cases of relative versions 
of results of this section. 

Theorem 3.1.13 (Whitehead). 

(1) Ifr: Y ~» Z is a (j+n) -equivalence of ex-G-spaces and X is a (|7|+n— 1)- 
dimensional ex-"/ -cell complex, then : irGJffg(X, Y) — > 7rGJ^(A, Z) is 
an isomorphism. It is an epimorphism if X is (\-f \ + n)- dimensional. 

(2) Ifr:Y^Z is a weak 7- equivalence of ex-G-spaces and X is an ex-j- 
cell complex, then : nG,J^g(X, Y) — > irGJ(fg(X,Z) is an isomorphism. 
In particular any weak 7- equivalence of ex-G-CW(-f) complexes is a lax 
homotopy equivalence. □ 

Theorem 3.1.14 (Cellular Approximation). ///: X ~> Y is a lax map of ex-G- 
CWfj) complexes that is cellular on a subcomplex A C X, then f is lax homotopic 
rel A to a cellular map. □ 
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Theorem 3.1.15 (Approximation by G-CW(7) complexes). Let X be any ob- 
ject in GJf B ■ Then there exists an ex-G-CW(-f ) complex TX and a weak equivalence 
YX^XinGJ(f B . □ 

3.2. G-CW (7) prespectra 

We continue to work with a fixed space B but we now allow 7 to be a virtual 
spherical representation of UB. We begin by describing the cells we use to build 
G-CW prespectra, which will be shift desuspensions of certain based cells. As in 
the preceding section, we need to allow our cells to map to B by arbitrary maps. 
We will also need our collection of cells to be closed under fiberwise suspension. 
This leads us to the following definition. 

Definition 3.2.1. Let V be a representation of a subgroup H of G. Write 
D v+1 for the unit disc of V ® E, write S\ for the upper hemisphere of its unit 
sphere, and write * for its north pole. Suppose given a G-map / : Gxh D v+1 — > B. 
Write D^ +1 for the pushout in the following diagram. 

Gx H SX >B 



Gx H D v+1 >D] +1 

The map / makes Dj +1 into an ex-G-space in the obvious way. Write Sj C Dj +1 
for the ex-G-space given by the unit sphere. A 7-cell is then a G-prespectrum 
of the form £^Z?J +1 where 7(/(G Xj? *)) is virtually spherically isomorphic to 
G Xff (V — W + n) for some possibly negative integer n. The dimension of such a 
cell is \ V\ — \W\ + 1, and its boundary is H^Sj. We will also use the term (-f+n)-cell 
to refer to a 7-cell of dimension I7I + n. 

Definition 3.2.2. A 7-cell prespectrum is a filtered G-prespectrum 

X = colim X n 

n>0 

over B, where Xq = * and, for n > 0, each X n is obtained from X n _i by attaching 
a wedge of 7-cells along their boundaries. We call {A„} the sequential filtration of 
X. A 7-cell prespectrum X is a G-CWfj) prespectrum if each cell of dimension n 
is attached only to cells of dimension smaller than n; for such a prespectrum we let 
the skeleton X n be the subprespectrum consisting of all cells of X of dimension no 
more than n, and call {X n } the skeletal filtration. We also write X 1+n for X^ +n . 
If (X, A) is a pair of G-prespectra, we define a relative 7-cell or G-CW(7) structure 
on (X, A) in the obvious way, by taking Xq = A. 

When looking at the filtration quotients I 1+ "/bI t+ " _1 , we will need the 
following result. 

Proposition 3.2.3. If e = E^L>]f +1 is a 7-cell, then e/ B de is the boundary 
sphere of a 7-cell of one dimension higher. 

PROOF. Take D v+1 x D 1 as a model of D v+2 , with S^ +1 corresponding to 
S v x D 1 UD V+1 x 1. Let g: D v+1 x D 1 -> B be the projection to D v+1 composed 
with /. Then it is straightforward to check that Dj +1 / B Sj « S , J +1 . □ 
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We mentioned that our cells are closed under fiberwise suspension. Specifically, 
we have the following. 

Proposition 3.2.4. If e = Y,^Dj +1 is a j-cell, then so is Z™ +W Q. Z+W e for 
any Z . 

Proof. First notice that Y,™ +W Q, Z B +W e = £f +H/ £§D]f +1 , so it suffices to 
show that T.gD^ +1 is homeomorphic to D z+V+1 for some g. For this purpose, we 
take as our model of suspension the homeomorphism 

Y, Z K « D z x K/[dD z x K U D z x *]. 

We also use the homeomorphism D v+1 w D v x D 1 , with « dD v xD 1 UD v x 1. 
We can then sec that £§L>]f +1 k, B\JD Z x D v x D 1 / ~, where (z, v, i) - /(«, i) 
if cither z G <9D Z , w G 9Z) y , or i = 1. In other words, £§D]f +1 w D^+ 1/+1 where 
g: Z? z x D v x D 1 — > Z? is the composite of / with the projection to D v x D 1 . □ 

The cells e and £|? +VK f2f +1-v e are related by the following result. 
Proposition 3.2.5. If K is any ex-G-space, then the natural map 

e - 2 -'Z+W iL B ^W 1 ^ * -^W 1 ^ 

is a weak equivalence. Further, if X is any G-prespectrum over B, e* induces 
the suspension map GJ£b(K, X(W)) — > GJ^s(Sfii', X (Z + W)) up to natural 
isomorphism. 

PROOF. That e is a weak equivalence follows from the fact that it is a levelwise 
identity map when evaluated at large enough representations. The second statement 
follows by chasing adjunction isomorphisms, as in the following diagram: 

G& B (£fiK, X) = ► Gje B {K, X{W)) 



G^ B (Zf +w n z+w Z%K,X) — ^ GJfr B (Z%K,X(Z + W)) 

□ 

Because of the preceding result, we call T.^ +w Vt z ; +w e — > e a co stabilization 
of e of degree Z when e = S^Dj +1 . In general, we form a costabilization of a 
7-cell prespectrum by replacing each cell by one of its costabilizations. Precisely, 
we make the following definition. 

Definition 3.2.6. Let /:X^7bea map of 7-cell prespectra. We say that 
/ is a costabilization of Y if / respects the sequential nitrations, and X and / are 
given inductively as follows: For n > 0, if Y n is obtained from Y n -\ by attaching the 
wedge of cells \j a e a , then X n is obtained from X n _\ by attaching a corresponding 
wedge of cells \j ' a e' a , and there are costabilization maps e' a — > e a (of possibly 
varying degrees) such that the following diagram commutes, in which the front and 
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back faces are the pushout diagrams defining X n and Y n , respectively: 

V de a y y„_i 



! ► X n - 1 / - 1 

>Y„ 



i 

V e a 

\le' a >X n Jn 

We define a relative costabilization (X, A) — » (Y. A) similarly. By abuse of language, 
we will also refer to X as a costabilization of Y. 

A costabilization of a prespectrum is very closedly related to it. Here is one 
weak aspect of that relationship. 

PROPOSITION 3.2.7. If f: X ^Y is a costabilization of the G-CW(j) prespec- 
trum Y , then f is a weak equivalence. 

Proof. If Y is a finite G-CW(7) prespectrum, then / is a levelwise identity 
map when evaluated at large enough representations, hence is a weak equivalence. 
This implies the general case, because the homotopy groups of Y are the colimits 
of the homotopy groups of its finite subspectra. □ 

We now define the appropriate homotopy groups for our purpose (cf. |37[ 
§12.3]). 

Definition 3.2.8. Let X be a G-prespectrum over B, let H C G, and let 
b e B H . Suppose that 7(6) is virtually spherically equivalent toGx^fl^- W). 
We define 

<(*)+<(*&) = coh m7 rf +v . +l (X b (Z + W)) = cohm7rM,(S z+y +\ X b (Z + W)), 

the stable homotopy group of the homotopy fiber Xb of X over b. 

Note that, for the homotopy fiber, we can use the fiber LXt,, so we can also 
write 

<(&)+<(*&) = colimTrGJf£(S z+v+l ' b ,X(Z + W)) 
= co\im^G^ x B {^ +w S z+v+ ^\X), 

where S z+v+l ' b = hS z+v+ \ thinking of b: G/H -> B. (More precisely, we should 
take the colimit over a sequence Zk such that {Zk + W} is an indexing sequence 
for the prespectrum LX, as in §2.31 ) 

Definition 3.2.9. Let /:I^7bca lax map. We say that / is a (7 + n)- 
equivalence if, for all b and H, /„ : 7T ^(b)+iO / b) is an isomorphism for 

i < n and an epimorphism for i — n. We say that / is a weak 7- equivalence if it is 
a (7 + n)-equivalence for all n. 

As expected, weak 7-equivalence is the same as the usual weak G-equivalence: 

Theorem 3.2.10. A lax map f: X Y of G-prespectra over B is a weak 
"/-equivalence if and only if it is a weak G-equivalence. 
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Proof. Suppose 7(6) = G Xh S v ~ w . Then, to say / is a weak equivalence 
is to say that fb'- T, w LXb — » Y, w LYb is a weak F-equivalence for all b, which is 
equivalent to saying that SI v Tj LXb — > ft v Ti W LYf, is a weak equivalence for all 
b. On the other hand, £l v and T, w induce equivalences of the stable category, so 
n v Y, w LX b -> O y S w Ln is a weak equivalence if and only if LX b -> LF b is. As 
defined in [371 §12-3], a weak G-equivalence is a (stable) weak equivalence on all 
(homotopy) fibers over B. The result follows. □ 

Here is the appropriate variant of the homotopy extension and lifting property. 

Lemma 3.2.11 (H.E.L.P.). Let r: Y Z be a (7 + n)- equivalence of G- 
prespectra over B. Let (X, A) be a relative "/-cell prespectrum with cells of di- 
mension < I7I + n. Suppose that the following diagram commutes, with the maps 
to Y and Z being lax maps. 



so j t ii 
A ► A A B L+ i A 




X 



Then there exists a relative co stabilization (X',A) — » (A", A) and lax maps g and h 
making the following diagram commute, where f is the composite X' — > X Z . 

A > A A B L + < A 




X' : > X' K B 1+ i : X' 



The result remains true when n = 00. 

Proof. We begin with the special case of a cell 

(X,A) = {VftDW^S™- 1 ), 

where tp: G x# D v+l — > B and ~f((p(G x# *)) is virtually spherically isomorphic to 
G Xh (V — W). For simplicity, restrict from G to H, write ip again for the H-m&p 
obtained by restricting <p to D v+t , and write b = <£>(*). Restrict / similarly. Using 
<p to define necessary homotopies, it is not hard to see that the pair (D^ +l , S' ( ^ +i_1 ) 
is lax homotopy equivalent to (D v+l ' h 1 S v+l ~ 1 ' b ) and, further, that we have 

co\mx^H^{{YF B D v+ \ EgS™" 1 ), (Z(U + W),Y(U + W))) 

= coljmirH,^ B x ((D u+v+lM , S u+v+ *- 1 ' b ), (Z(U + W),Y(U + W))) 
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Now, by our assumptions, n^, b ~. +i (Zb,Yb) = 0. Hence, for sufficiently large U, 
we can apply the argument in the proofs of Lemma If .f .61 and Lemma 13. f .71 with 
appropriate modifications, to (X\ A') = (YF b D^ + \TF b S^ +1 - 1 ) to find the needed 
g and h. 

For a general relative G-CW(7) prespectrum (A, A), we proceed by induction 
on the sequential filtration, constructing X' , g, and h all at the same time. Assume 
that we have constructed X' k and defined the maps g and h on this costabilization 
of Aj.. Consider one of the cells e attached to Xf. to obtain X^ +1 . The attachment 
map de — ► Xf. may not factor through XL but it does factor through some finite 
subcomplex of A&. Each cell in that finite subcomplex has been costabilized to 
some degree in X' k . By taking a costabilization of e of degree at least as large as 
each of these degrees, we obtain a cell e' for which the map de' — > Xk does factor 
through XL By the first part of this proof, there is a further costabilization e" over 
which we can extend g and h. Attaching this new cell to XL, and doing similarly 
for all the cells at this stage, we obtain X' k+1 , a costabilization of X^+i over which 
we can extend g and h. By induction, we can construct X' as desired. □ 

In order to state our version of the Whitehead theorem, we need the following 
definition. First, notice that, by a construction similar to that in the proof of 
H.E.L.P., if X' — ► X and X" — > X are two costabilizations of X, then there exists 
a common costabilization X 1 " — * X 1 and X 1 " — > X" . 

Definition 3.2.12. If A is a G-CW("y) prespectrum, the collection of costa- 
bilizations of X forms a pro-system we write as »A = { a X}. We call this the 
costabilization system of X . 

In order for a costabilization system to constitute a set, we must restrict costa- 
bilizations of cells to degrees in some universe, and we do so tacitly from now on. 

Theorem 3.2.13 (Whitehead I). Let X be a j-cell prespectrum with costabi- 
lization system »A, let Y and Z be G-prespectra over B, and let f : Y — > Z be a 
lax map. 

(1) If f is a (7 + n)- equivalence and X is (7 + n — 1) -dimensional, then 

colhjnrG^> B { a X,Y) -> cohm7rG^( a X, Z) 

a a 

is an isomorphism. It is an epimorphism if X is (7 + n)- dimensional. 

(2) If f is a weak equivalence and X is an arbitrary j-cell prespectrum, then 

colim7rGJ^( a X,y) -> colim7rG^( a X, Z) 

a a 

is an isomorphism. 

Proof. This follows from the H.E.L.P. lemma in essentially the same way as 
for Theorems HX3 and EH □ 

Although weak equivalences of 7-cell complexes need not be (lax) homotopy 
equivalences, we do have the following. 

Definition 3.2.14. Let pro-7rG £P B denote the pro-category of -kG& b . Thus, 
if X and Y are 7-cell complexes with costabilization systems *A and *Y , then 

pro-7rG^(»A,»y) = lim colim ttG ^ b ( a X,pY). 
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We say that X and Y are pro-homotopy equivalent if *X and *Y are isomorphic in 
pro-TrG&g. We say that / : X — > Y - is a pro-homotopy equivalence if it induces an 
isomorphism of *X and *Y in pro-TrG&g. 

Note the following important simplification: Since Y is terminal in »Y and 
every a Y maps to Y by a weak equivalence, by Theorem 13 . 2 . 1 31 we have 

limcolim7rGJ^( a X,flY) colini7rG^( Q X, F). 

It is in this way that a lax map /: X ~> 1" induces a pro-map /: *X — » *Y. 

Theorem 3.2.15 (Whitehead II). J/ /: X — > Y is a weak 7- equivalence of 
"/-cell complexes, then f is a pro-homotopy equivalence. 

Proof. By Theorem 13. 2.13[ / induces an isomorphism 

/*: colim7rG^(^y,X) -=» co]hnirG^(pY, Y) 

Let g G colim^ nG^h (pY, X) be the element such that /*(<?) = 1. Then it is easy 
to check that / o g is the identity in pro-nG^^^Y, *F). 

Let g: pY — > X be a representative of <?. Because / and all of the maps in *Y 
are weak equivalences, so is g. Just as above, we can therefore find a right inverse 
h to g. By the usual argument, h = f (in pro-7rG^^(*X, *F)) and 5 is a two-sided 
inverse to /. □ 

Theorem 3.2.16 (Cellular Approximation of Maps). If f : X Y is a lax map 
of G-CW(j) prespectra that is cellular on a subcomplex A C X, then there exists 
an a such that the composite a X — » X ~> Y is homotopic rel A to a cellular map. 

Proof. This follows from the H.E.L.P. lemma (applied to each cell in an in- 
duction on the sequential filtration of {X, A)) once we know that the inclusion 
Y1+n ^Yis-A ( 7 +n)-equivalence. But, in fact, Y^ +n (W) -> Y{W) is a (W+j+n)- 
equivalence, by an argument similar to that given for Theorem 13 .1.1 01 □ 

Theorem 3.2.17 (Approximation by G-CW(7) Prespectra). Let X be any G- 
prespectrum over B. Then there exists a G-CWfa) prespectrum TX and a weak 
equivalence TX — > X in GS?b- 

Proof. Let T X be the trivial prespectrum over B and fo- T X — » X the 
unique (strict) map. We repeatedly kill relative homotopy groups: Suppose n > 
and that f n -i- L n -i — * X has been constructed with T n _i being a G-CW(7) 
prespectrum. For each subgroup H and each b G B H , choose representatives of 
the elements of the relative stable homotopy groups TT^ b \ +i (T n ^xX — * X). We can 
represent an element by a diagram of lax maps of the following form: 

s z+v+i-l,b _^_> T n ^X{Z + W) 



D Z+V+l.b y x(Z + W) 

By the preceding result, for sufficiently large Z we may assume that ip lands in the 
(7 + i — l)-skeleton of F„_iA. Now, (p may be only a lax map. However, if we let 



90 



3. G-CW PARAMETRIZED SPACES AND SPECTRA 



ip be the composite of ip with the projection X(Z + W) — > B, we can replace the 
diagram above with the following diagram of strict maps: 

s z+v+ t -i > r n ^x(z + w) 

D l +v+t > x ( z + w) 

(Here we think of the whole upper hemisphere gZ+v+%-1 as mapping to the single 
point b.) Taking adjoints, we get the following strict diagram of prespectra: 

V=o nZ+V+i—l . -p \r 

V°o r-jZ+V+i „ 

Now we use these diagrams to attach cells to T n ^iX to get the G-CW(7) prcspcc- 
trum Y n X and the map /„ : T n X — > X. 

We take FX = colim„r„X with the induced map /: TX — > X. Any ele- 
ment of the relative stable homotopy group ir^ b ^ +i (rX — > X) comes from some 
7r5 fe ) +i (r n X — > X), but, by construction, the map 

7r f(6)+i( r "^ T^(6)+»(r„+l-X' X) 

is 0. It follows that ir^ b ^ +i (rX — > X) = 0, hence that / is a weak 7-equivalence. □ 

We end this section with a summary. Let G*W(j) b denote the full subcategory 
of pro-7rG^^ with objects the costabilization systems associated with G-CW(7) 
prespectra. Recall that [X,Y]g,b — HoG£Pb{X,Y). The following results have 
either already been proven or follow in standard ways from what we have already 
shown. 

Theorem 3.2.18. 

(1) If X and Y are G-CW(j) prespectra over B, then 

[X,Y] Gt B = cotimnG&%( a X,Y) 

a. 

= P ro-irG0> B (*X,*Y) 
= G*W{i) B (*X,*Y). 

(2) If f: X ~> Y is a lax map of G-CW(-f) prespectra over B, then there 
exist an a such that the composite a X — > X ~> Y is (lax) homotopic to a 
cellular map. Moreover, any two such cellular approximations are (after 
further costabilization) cellularly homotopic. 

(3) If X is an arbitrary G-prespectrum over B, there exists a G-CWfa) pre- 
spectrum TX and a (strict) weak equivalence FX — > X. A choice of such 
a cellular approximation for each prespectrum gives a well-defined equiva- 
lence of categories 

UoG^b ^G*W(j) B . 
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An inverse equivalence is given by taking a representative map a Y — > Z 
in colim a irG&^aY, Z) to the composite Y — > a Y — ► Z, where the first 
map is the inverse of the weak equivalence a Y — > Y . □ 

3.3. CW objects and the (//-model structure 

We would like to compute certain total left derived functors on homotopy cate- 
gories using G-CW(7) objects where we would usually use cofibrant approximations. 
The problem we run into is that G-CW(7) objects are not usually cofibrant in the 
(//-model structures defined in [37] . We shall show that G-CW(7) objects are lax 
homotopy equivalent to cofibrant objects, and that this is usually good enough. 

We consider G-CW(7) complexes in GJtT/B first. Recall that May and Sig- 
urdsson define two model structures on GJtf/B, the (/-model structure and the 
better-behaved (//-model structure, with the same weak equivalences. The cofi- 
brant objects in the (/-model structure are retracts of (/-cell complexes, where (/-cells 
have the form (G/H x D n , G/H x S n ^ 1 ,p) for arbitrary p. In other words, g-cell 
complexes are our 0-cell complexes. On the other hand, the cofibrant objects of 
the q/-model structure, the (//-cofibrant objects, are retracts of (//-cell complexes, 
where the (//-cells include those cells (G/H x D",G/H x S n ~ 1 ,p) for which the 
inclusion (G/H x S n ~ 1 ,p) — > (G/H x D n ,p) is a cofibration over B, meaning that 
it has the homotopy extension property in the category of strict maps over B \37\ 
7.2.6]. 

Proposition 3.3.1. Let (X,A,p) be a relative j-cell complex. Then p ~p rel 
A where (X,A,p) is a relative qf-cell complex. Hence (X,A,p) is lax homotopy 
equivalent rel A to (X,A,p). 

PROOF. We first point out that a 7-cell of the form (G x H D(V),G x H S(V)) 
can be triangulated |22j . allowing us to give (X,A,p) the structure of a relative 
(/-cell complex. 

Now let (X,p) = colim„(X„,p„), where Xq is the disjoint union of A and 
some orbits, and X n+ i is obtained from X n by attaching (/-cells. We construct 
p = colim n p„ and a homotopy p ~ p inductively, beginning with po — Po- Suppose 
then that p n has been defined on X n with p n ~ p n rel A and (X n , A,p n ) a relative 
(//-cell complex. Consider a typical cell (e,de,q) attached to X n to form X n+ i, 
with attaching map x : & e X n . We have a homotopy p n \ — PnXi which we 
can extend to a homotopy q ~ q' with q'\de = p n X- Now define q: e — > B by the 
formula 




q'(2v) if ||u|| < 1/2 
q'(v/\\v\\) if|H|>l/2 



There is an obvious homotopy q 1 — q rel de, and (e, de, q) is a (//-cell. With a little 
more work we can combine homotopies to get a homotopy q — q which agrees with 
the homotopy p„X — PnX on de. Define p n +i = q on this cell, and do similarly 
with all cells. Then p n +i — Pn+i, by a homotopy extending the already constructed 
homotopy p n ~ p n , and (X n+ i, A,p n+ i) is a relative (//-cell complex. 

The final claim of the proposition is the observation that p ~ p rel A implies 
that (X, A,p) is lax homotopy equivalent rel A to (X, A,p). □ 

The argument for G-CW(7) prespectra is similar in concept, but a little more 
delicate in the details. In the (//-model structure for G-prespectra, cofibrant spectra 
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are again retracts of q/-cell prespectra. The (//-cells include those of the form 
Y.w(G/H x D n , G/H x S n -\p)+ where (G/H x D n , G/H x S n -\p) is a g/-cell 
as above [33 12.4.3 & 12.1.7]. 

Proposition 3.3.2. Let X be a j-cell prespectrum. Then X is lax homotopy 
equivalent to a qf -cell prespectrum. 

Proof. Recall from the preceding section that the cells of X have the form 
S^Z?y +1 . Using [22] once again, we may triangulate D v+1 and so give X the 
structure of a q-ce\\ prespectrum, one in which the cells have the form S^(G/iJ x 
D n ,p) + where (G/H x D n ,G/H x S 11 ^ 1 ^) is not necessarily a g/-cell. 

Now let {X n } be the sequential filtration of X, so X n+ i is obtained from 
X n by attaching a wedge of g-cells \J e a . We will inductively construct a g/-cell 
prespectrum X = colim„ X n and a compatible sequence of maps X n ~> X n , each of 
which is a lax homotopy equivalence. To start, we take Xq = Xq. Suppose then that 
a lax homotopy equivalence X n X n has been constructed and consider a typical 
cell e a = Yj^(G/H x D k ,q) + that will be attached to form X n+ i. The attaching 
map of e gives a map X - G/H xS M ^ X n {W). Let (/, A) : X n (W) -> X n (W) be 
the already constructed lax map at level W . Similar to the proof of the preceding 
proposition, we can find a map q: G/H x D k — ► B such that q\G/H x S k ~ 1 — 
pfx, 1 — 3 by a homotopy agreeing with A, and (G/H x D k ,q) is a g/-cell. Let 
e a = S~ (G/H x L» fe , define an attaching map G/H x S^ 1 -> X n (W) by /x, 
and do similarly for each cell at this stage. We then have the following diagram in 
which the horizontal maps are strict and the vertical maps lax: 

V e a < V de a > X n 



V e a < V 9e a > X n 

Let X n+ i be the pushout of the bottom row. By Proposition 12. 4. lTl the induced 
map X n+ \ — » X n+ i is a lax homotopy equivalence. By Proposition 12.4.121 the 
resulting map X — ► X is also a lax homotopy equivalence. □ 

Here is how we shall make use of these results. Let ^ be one of GJtf/B, 
GJ^b, or G^b, with its g/-model structure, and let 3> be any category. Let 
F: c to — > @ be a functor that takes weak equivalences between (//-cofibrant objects 
to isomorphisms. Then we form LF: Ho^ 7 — * S % the left derived functor of F, 
in the usual way: For each object X of ^ we choose a g/-cofibrant with an 
acyclic fibration QX X, making Q functorial up to homotopy and QX — > X 
natural. On objects, then, (LF)(X) = FQX. 

Proposition 3.3.3. Let ^£ and F be as above. Suppose, in addition, that F 
takes lax homotopy equivalences to isomorphisms. Lf X is a G-CWfa) object in 
then the map QX — > X induces a natural isomorphism (LF)X = FX . 

Proof. By the appropriate one of the two preceding propositions, there is a 
lax homotopy equivalence X 1 ^ X, with X' g/-cofibrant. This gives us a strict 
map X 1 — * LX that is a lax homotopy equivalence (Lemma l2.4.14j) . Consider the 
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following diagram of weak equivalences: 

QX ► QLX 




X > LX < X' 

The map X' — » QLX is a lift up the acyclic fibration QLX — ► LX. The maps 
QX — > QLX and X' — > QLX are weak equivalences between cofibrant objects, 
hence are taken to isomorphisms by F. The maps X — > and X' — * LX are lax 
homotopy equivalences, so are also taken to isomorphisms by F. It follows that F 
takes the map QX — > X to an isomorphism. □ 

What follows are the most important examples we need, beginning with a 
relatively trivial one that shows the pattern of the applications. In these examples 
we will prefix left derived functors with L for clarity, but subsequently we will follow 
common usage and drop the prefix. 

Example 3.3.4. Consider (— )+: G,J^/B — > G,J^ B , the functor that adds a 
disjoint section. It is Quillen left adjoint to the forgetful functor. Further, there is 
a map of monads 

((-)+, V)= (GJtT/B,L) - (GJf B ,L), 
where ip: (LK)+ — » L{K+) is the inclusion. (Note that the only difference between 
(LK)+ and L(K+) is that the latter includes points of the form (b, A) with b in the 
adjoined disjoint section and l\ > 0.) Thus, (— )+ extends to a continuous functor 
GJf x /B -> GJ^g. We conclude that the composite GJT/L? -> GJ£b -> HoGXb, 
because it factors through GJf x /B — > GJ(? B , takes both weak equivalences be- 
tween cofibrant spaces and lax homotopy equivalences to isomorphisms. Hence, 
L(— )+ : HoGJff/B — > HoGJfs takes any G-CW(7) complex X to an object 
L(X)+ = X+. (Note: This example really is trivial, because (— )+ preserves all 
weak equivalences.) 

Example 3.3.5. Consider Eg : GX B GJ^g. It is left Quillen adjoint to fig 
by [33 7.3.1]. We have the map of monads (Eg, /3^), which allows us to extend Eg 
to a continuous functor Eg: GJf B — > G,J4f B . It follows that the derived functor 
LEg : Ho GJ£s -> HoG^b satisfies LEgX EgX for any ex-G-CW(7) complex 
X. Note that EgX has the structure of an ex-G-CW(7 + V) complex, with cells in 
one-to-one correspondence with those of X. The point is that this correspondence 
survives after passage to homotopy categories. 

Example 3.3.6. Consider Eg: G^ B -> G0> B . It is left Quillen adjoint to 
fig by [371 12.6.4]; in fact, the adjunction is a Quillen equivalence. Computation 
shows that (3 V defines a map of G-prespectra EgLX — > LEgX and that (Eg,/3 y ) 
is a map of monads, so Eg preserves lax homotopy equivalence. If follows that the 
derived functor LEg: Ho G8? B -> HoG^ B satisfies LEgX = EgX for any G- 
CW(7) prespectrum X. Note again that EgX has the structure of a G-CW(7 + V) 
prespectrum. 

Example 3.3.7. Consider Eg 3 : G.X B -> G3^ B . This is Quillen left adjoint 
to fig 3 by [33 12.6.2]. We have the map of monads (Eg 3 ,/^), so Eg 3 preserves 
lax homotopy equivalence. It follows that the derived functor LEg 3 : Ho GJ£b — * 
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HoG^b satisfies LT,%X ^ for any ex-G-CW(7) complex X. This suspen- 

sion prespectrum is not quite a G-CW('y) prespectrum; we shall return to this issue 
after the next example. 

Example 3.3.8. If Z is one of the indexing representations used in forming 
G&g, the discussion in the preceding example generalizes directly to show that 
LS^ X = Yf^X for any ex-G-CW(7) complex X. In general, as in Remark 12.4.61 
let Z be the smallest indexing representation such that Z C Z and write E|? = 
S oo S |-z We conclude that LEf^X = LE°?LE§~ Z X = Yi°?Y? B z X = EfX, 

because E§ ~ z takes ex-G-CW(7) complexes to ex-G-CW(7 + Z — Z) complexes. 

Now let's deal with the problem that, if X is an ex-G-CW(7) complex, then 
Eg 3 X doesn't quite have the structure of a G-CW(7) prespectrum. The problem 
is the difference between the unbased cells used for spaces and the based cells used 
for prespectra. However, we have the following result: 

PROPOSITION 3.3.9. If X is an ex-G-CW(j) complex, then EfE B X is a G- 
CWfj) prespectrum whose cells are in one-to-one correspondence with those of X . 

Proof. Consider the attachment of a typical 7-cell (G Xh D(V),p)+ to an 
ex-G-space Y over B, as in the following pushout diagram: 

Gx H S(V)+—^Y 



G x H D{V)+ >Z 

Suspending, we get the following diagram, also a pushout: 

s B (Gx ff s(y)) + ^s B y 



E B (G x H D(V))+ > TibZ 

Now consider D v+1 w D(V) x D 1 with S% corresponding to D(V) x 1. Let 
/: D v+1 — > B be given by the composite of the projection D(V) x D 1 — » D(V) 
and p: D(V) -> B. Writing S v = S(V) x D 1 U D(V) x S°, let |: Sj -» E B F be 
defined by 

'(£(«), t) if|H| = i, 

ap(v) if t = ±1. 

(Here, we think of EsF as a quotient of F x D 1 .) Then we also have the following 
pushout diagram: 



CM) 



— - — > E b7 



£>^ +1 ► E B Z 



Replacing each cell of E^X in this way makes E^E^X a G-CW(7) prespectrum. 
Moreover, it is clear from the construction that the natural map E^E^X — » Egl 
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preserves filtrations and induces a one-to-one correspondence between the cells of 
EfEsX and those of X. □ 

Note that, by Proposition 13.2.51 the natural map E^E^X — ► Egl is a weak 
equivalence. It follows that LE^JT = E^E^X in HoG&b- In this way we can 
give LE^X a cell structure corresponding to that of X. 

Example 3.3.10. Let a: A — > B be a map of base spaces. Recall that we 
have a functor a\ : GJ^a - > GJ%b given by composition with a and identification of 
base points. It is Quillen left adjoint to the functor a* given by taking pullbacks. 
If (X,p,a) is an ex-G-space, write a\(X,p, a) = (a\X,q,T), as in the following 
diagram, in which the top square is a pushout: 




Let us write [x] for the image in a\X of x G X, and [b] for r(b). Then [a (a)] — [a(a)] 
for a 6 A. Define ijj: a\(LX) — > L(aiX) by the formulas 

^[a;, A] = ([or], aA) and 
tf[6] = ([&], 6). 

That ?/; is well-defined means that the formulas agree on A: 

ip[a(a),a] = ([a (a)], a(a)) = ([a(a)],a(a)) =tp[a(a)]. 

It's now straightforward to check that (a\,ip) is a map of monads, so a\ preserves 
lax homotopy equivalence. It follows that the derived functor Lai : Ho GJ^a ~ > 
Ho GJfe satisfies ha\X = oi\X for any ex-G-CW(7) complex X. It is also easy to 
see that, if 7 = a* (6) for some representation S of HB, then a\X is an ex-G-CW(<5) 
complex. 

The same statements are true (and simpler) for Lai : Ho GJ^/A — > Ho GJtf/B, 
where ai(X,p) = (X, ap). 

Example 3.3.11. Let a: A — > B again be a map of base spaces, and con- 
sider a\ : G2?a — ► G2?b- Since ai is defined levelwise, it is easy to check that 
the transformation ip from the preceding example again gives a map of monads 
(a\,ip), hence that ai preserves lax homotopy equivalencs. It follows that the de- 
rived functor Lai : Ho G#4 — > HoG&b satisfies LatX = atX for any G-CW(7) 
prespectrum X. If 7 = a*(S), then aiX is a G-CW(<5) prespectrum. 

Example 3.3.12. Let 1: H — > G be the inclusion of a subgroup, let A be an £f- 
space, and consider the equivalence u : HJ^a — > GJ^gx h a given by uX = G Xjj X 
(see |37[ 7.4.7]). This equivalence preserves the monad L, meaning that there is a 
natural isomorphism liLX = LitX that is a map of monads. Therefore, i\ preserves 
lax homotopy equivalences and the derived functor Lti satisfies ~Li\X = i\X for any 
H-CW(i) complex X. 
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Example 3.3.13. Let t: H — » G be the inclusion of a subgroup, let A be an if- 
space, and consider the equivalence i\ : H&a ~ * G^gxhA of |37| 12.6.10]), given 
by applying the functor i\ of the preceding example levelwise. Again, l\ preserves 
L, so preserves lax homotopy equivalences, hence ~Ll\X = l\X for any H-CW(j) 
prespectrum X. 

Example 3.3.14. Let H be a normal subgroup of G and consider the fixed-set 
functor {-) H : GJf B -> {G/H)J(f B H. As pointed out in the proof of [37J 7.4.3], 
(— ) H preserves weak equivalences, so passes immediately to homotopy categories. 
However, it is useful to note also that there is a natural isomorphism (LX) H = 
L(X H ) which is a map of monads, hence (— ) H also extends to a functor on lax 
maps. 

Example 3.3.15. Let H be a normal subgroup of G and consider the func- 
tor <f> H : G0> B -> (G/H)0> b h given by 3> H (X) = {E^[H\ A B X) H (see Defini- 
tion [L5J2 we will discuss this functor in the parametrized case further in the next 
chapter). As in [37\ 14.4.2], (— ) H preserves weak equivalences; as in the preced- 
ing example, it also preserves lax homotopy equivalences. To deal with smashing 
with E^[H], we need to generalize the natural transformation (3 V . For any un- 
based G-space K, consider the based space K, the cofiber of the map K + — > S°, 
or the unbased suspension. We write K = K x I / ~ where (a, 0) ~ (6,0) and 
(a, 1) ~ (6, 1) for every a and b G K. (We have in mind K — E,^[H], but this 
also applies to K = S(V), where K = S v .) For X an ex-G-space, define a map 
f3 K : (LX) A B K -> L(X A B K) by 

!{xA(a,t),X) if i < 1/2 

(x A (a, <p{ip- l {t) - l)),X) if 1/2 < t < <p(l) 
(a\(l-<p-\t)),\\l v _ Ht) ) if t < v?(0. 

Here, <p is as in the definition of (3 V and I = l\. Calculation identical to that for (3 V 
shows that (—AbK, (3 k ) is a map of monoids on GJ^b- As in Example l3.3.61 we can 
now check that (— Ab K, f3 ) defines a map of monoids on G3?b as well, so — AbK 
preserves lax homotopy equivalence of G-prespcctra. Hence, the total left derived 
functor of - As E&[H] agrees with - Ab E^[H] on G-CW(7) prespectra. Putting 
this together with the fact that (— ) H also preserves lax homotopy equivalences, we 
get that & H (X) can be computed on G-CW(7) prespectra as expected. 

3.4. Ordinary homology and cohomology 

We shall now construct the cellular chains of G-CW(7) spaces and prespec- 
tra, and we begin with spaces. As usual, we work with a fixed basespace B and 
representation 7 of HB, which we assume to be a stable spherical representation 
when dealing with spaces, and a virtual spherical representation when dealing with 
prespectra. The following is a specialization of Definition 11.2.11 

Definition 3.4.1. A (contravariant) TIB -Mackey functor is a contravariant 
additive functor T: TIB — > Ab. A covariant TIB -Mackey functor is a covariant 
additive functor S_: HB — > Ab. 

If (X,A) is a pair of G-spaces over B, we write X/bA for the ex-G-space 
X + /b A + over B obtained by taking the fiberwise quotient. 
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Lemma 3.4.2. Let (X, A,p) be a relative G-CW(j) complex. Then 

a: 

where the wedge (over B) runs through the centers x of the (7 + n)-cells of X and 
the equivalence is lax homotopy equivalence. (Here we think of x: G/H —> X and 
px denotes the composite px: G/H — > B.) 

PROOF. X 1+n /b X 7+n_1 consists of a copy of B, the image of the disjoint 
section, with a copy of each (7 + n)-cell of X adjoined via the composite of its 
attaching map and the projection to B. The attaching map for a cell, as a map 
into -B, may be deformed to be the constant map at the image of the center of the 
cell, and then the assertion is clear. □ 

Definition 3.4.3. Let (X, A) be a relative G-CW(7) complex. Let G 7+ »(X, A) 
(which we also write as G 7+>t (A, A) when we need to emphasize the group involved) 
be the chain complex of contravariant LTB-Mackey functors defined by 

C 7+n (X,A)(b) = {^'U^/bI^Jcb 

= [Eg , 5 7+ "- b , ES > (Jf r+n / B X~< +n - l )] GiB 

- < (fc)+ J^(A^+7 B ^+"- 1 ) 6 ) 

if b: G/H — > B. This is obviously a contravariant functor on II 7 _B, and we 
use the isomorphism of Theorem I2.6.3I to consider it as a functor on HB. Let 
d: C 1 + n (X,A) — > C 7 +„_i(X, A) be the natural transformation induced by the 
composite 

x^ +n / B x^ +n - 1 -> £ b (X 7+ "-7bA) -» z B (x~< +n - 1 /BX~< +n - 2 ). 

As usual, we write G 7 +*(X) for G 7 +*(A, 0). 

If A C X is a subcomplex, then clearly G 7 +*(.A) is a direct summand of 
G 7+ *(X), and G 7+ »(A,A) ^ G 7+ »(A)/G 7+ »(A). 

Turning to prespectra, we first record the following result. 

Lemma 3.4.4. Let X be a G-CW/j) prespectrum. Then 

x 

where the wedge (over B) runs through the centers x of the (7 + n)-cells of X and 
the equivalence is lax homotopy equivalence. 

Proof. This follows from Proposition ^. 2. 3l and the argument of Lemma r3.4.2l 

□ 

Definition 3.4.5. Let A" be a G-CW(7) prespectrum. Let G 7+ *(A) be the 
chain complex of contravariant LT_B-Mackey functors defined by 

C 1+n (X)(b) = [E£ S~> +n >\X~>+ n / B X~i+ n - x ] GiB 

= <(6) +n ((^ 7+n /B^ 7+ "- 1 ) 6 ) 
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if b: G I H — > B . Again, we use the isomorphism of Theorem 12.6.31 to consider this 
as a functor on HB. Let d: C 7 +„(X) — > C 7 + n -i(^) be the natural transformation 
induced by the composite 

x y + n/ gX j+n-l ^ Ss ^+ n - 1 -» S B (X 7+Ii - 1 / B X 7+I ^ 2 ). 

For both spaces and prespectra, it is clear that (G 7 +*(— ),c?) is functorial on 
cellular maps. Shortly we shall discuss what happens with more general maps, but 
we first make some other observations. The following says that every prespectrum 
in a costabilization system give the same chain complex. 

PROPOSITION 3.4.6. Let f:X—*Ybea costabilization of the G-CW(j) pre- 
spectrum Y. Then f induces an isomorphism C 7 +*(X) = C 7 +*(y). 

Proof. This follows from the one-to-one correspondence of the cells and Propo- 
sition sum □ 

We now relate G-CW(7) complexes and prespectra. If X is a G-CW (7) com- 
plex, note that the chain complex of X is defined in terms of the filtration quotients 
of the induced filtration on However, this filtration is not quite the skeletal 

filtration of a G-CW (7) structure, stemming from the fact that the cells used in 
X are unbased. However, we have already seen how to get around this problem in 
Proposition 13.3.91 'S^°Y.bX + is a G-CW (7) prespectrum naturally weakly equiv- 
alent to Tj^X + and with cells in one-to-one correspondence to those of X . That 
correspondence give us the following. 

PROPOSITION 3.4.7. If X is a G-CW(-f) complex, then T,fT, B X + is a G- 
CWfy) prespectrum whose chain complex is naturally isomorphic to that of X . □ 

In view of this result, we now concentrate on prespectra. 

If 5 is a covariant IIB-Mackey functor, and T and U are contravariant HB- 
Mackey functors, then Definition 1 1 . 2 . 1 1 defines for us the groups 

Hom flB (T,£7) 

and 

The coefficient systems for our ordinary homology and cohomology theories will 
be covariant and contravariant n£>-Mackey functors, respectively. Since a classical 
Mackey functor is a contravariant functor on Gq, it gives rise to a coefficient system 
on B by composition with tp: TIB — * Gq. Systems that do not factor through &q 
we should call local coefficient systems on B. 

Recall that a IIB-Mackey functor is said to be free if it is a sum of functors of 
the form ELB(— , b). The following follows from Lemma T3. 4. 41 

PROPOSITION 3.4.8. (G 7+ *(X),9) is a chain complex of free IIB-Mackey func- 
tors. If T is a IIB-Mackey functor then 

Hom fiB (C 1+n (I),f)^0f(x) 

X 

where the direct sum runs over the centers x of the (7 + n)- cells of X . (For sim- 
plicity of notation, we write T(x) for T(jp(x)), where p(x) is the image of x in B.) 
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Similarly, if S_ is a covariant TLB-Mackey functor then 

X 

where again x runs over the centers of the (7 + n)- cells of X. □ 

Definition 3.4.9. Let X be a G-CW(7) prespectrum, let 5 be a covariant 
LTB-Mackey functor, and let T be a contravariant LTS-Mackey functor. Let 

H° +n (X;S) = H n (C 1+ *(X) ® nB S) 

and 

Hl +n {X-T) = ff n (Hom fiB (E r+ .(X),T)). 
Given an arbitrary G-prespectrum X over B, we now define 
H°{X;S)=H°(TX;S) 

and 

HZ(X;T) = Hl{TX;T), 

where TX is a G-CW(7) approximation of X. Much as in the classical context, it 
is a consequence of Theorem 13.2.181 using Proposition 13.4.61 that these groups are 
well-defined and functorial on the homotopy category. 

In view of Proposition 13.4.71 if (X, A) is a pair of G-spaces over B, we write 
Hf +n (X, A;S) for H^ +n (Y,^TX/ B TA; S), where we approximate the pair (X,A) 
by a pair (TX, TA) of G-CW(7) complexes, and similarly for cohomology. 

The main properties of the theories just defined can be summarized in the 
following theorem, generalizing Theorem II. 2. 51 

Theorem 3.4.10. Let X be a G-prespectrum over B , let 7 be a virtual spherical 
representation ofHB, and let S_ and T be respectively a covariant and a contravari- 
ant TLB-Mackey functor. Then the abelian groups H^(X;S) and Hq(X;T) are 
functors on Ho G£?b and are also natural in 7 and the coefficient system. Further, 
they satisfy the following properties. 

(1) H!?(X;S[) is exact on cofiber sequences and sends wedges to direct sums. 
Hq(X;T) is exact on cofiber sequences and sends wedges to products. 

(2) For each W there are natural isomorphisms 

a w :H^(X;S) - H? +W (Y%X;S) 

and 

a w : Hl{X-T) -» H^ +W (^X;T). 

a° = id and a z ocr w = <r w+z for every pair of representations W and Z. 

(3) The a are natural in W in the following sense (cf [341 XIII. 1.1],). If 
r]i W — > W is a G-linear isomorphism, then the following diagrams com- 
mute. 

H C(X;S) ^ H^ +W ,(^f X;S) 

ff«+„(id) 

H^ +W (^X-S_)— -> H c +w (Z%'X;S) 
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Hl(X;T) >Hl +w (Y^ X] T) 

tfc + "(id) 

H? w ' X- T) ( ^t Hl +W ' (Y%X; T) 
(4) If a: A — > B and X is a G-prespectrum over A, then 



H^{a,X;S) S H°JX;a*S) 



and 



Hl{a>X;T) S ffg 7 (X;a*T). 
(5) (Dimension Axiom) We have the following natural isomorphisms of func- 
tors of b in TLB: 

\S(b) 



and 



H^ +n (E^S nf ' b ;T) = 





'7(b) 




ifn = 0, 
ifn^O, 

ifn = 0, 
ifn^O, 



for integers n. (On the left, we use the identification ofH 7 B with TIB.) 

(6) (Wirthmiiller Isomorphism) If K C G there is an isomorphism 

H°(G K K X-S) S H% K (X;S\K). 

and similarly in cohomology. In cohomology, the composite 

H^(X;T) - Hl{G k k X;T) S ^ |if (X;T|if), 

where the first map is induced by the projection G/K — > *, is called re- 
striction to K and is denoted by a ^ a\K . In homology, if G is finite, 
there is a similar restriction map given by the composite 

H^X-S) - H°(G k k X;S) = H* K (X;S\K), 

where the first map is induced by the stable map * — > G/K dual to the 
projection. When G is infinite, there is again a restriction in homology, 
but with a shift in dimension, just as in the RO(G)-graded case. 

(7) If K is a normal subgroup ofG, then there is a natural restriction to fixed 
sets 



H^(X;S) 



H°l K (<S> K X;S 



and similarly in cohomology; we shall denote this a i— > a . This restriction 
respects suspension in the sense that the following diagram commutes: 

H°(X;S) ^ >H^ +V {YX B X;S) 

(-) K (-) K 

H^ K (^X-S K )^H^ VK (^ K X-,S K ) 

Restriction to fixed sets respects restriction to subgroups in the sense that, 
ifK C L, then (a\L) K = a K \(L/K). We shall also write a K for (a\NK) K 
when K is not normal in G. 
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(8) There is a natural associative cup product 

-U-: H G (X;T) ® H S G (Y;U) H G +S {X A B Y;TUU). 

If T is a HB-ring, then there is a cup product 

-U-: H G (X;T) ® H S G (X;T) ^ H G +S (X;T). 

This cup product satisfies (x L) y)\K — (x\K) U (y\K) and (x U y) = 
x K l)y K . 

(9) There is an evaluation map 

{-,-): H G (X;T)®HC +S (X;S) - Hf{Y.^B +] T V S). 

This evaluation is natural in the usual sense: if f : X — > Y , then {y, f*(x)} = 
(f*(y),x). It satisfies (x,a)\K = (x\K, a\K) and (x,a) K — (x K ,a K ). 
(10) There is a cap product 

- n - : HI (Y ; T) ® (X A B Y ; 5) -» fff (X;TvS). 

T/iis cap product is natural in the usual sense: if f: X — > X' and g : Y" — > 
V theny'<l(f A3)* (a) = f*(g*(y')r\a). It satisfies (xliy) Da = x(~)(y Da), 
(yC\a)\K = (y\K)n(a\K), and (yna) K =y K na K . Further, {xUy,a) = 
(x,yna). If d: W ^ X AbY is a map (e.g., the suspension of a diagonal 
Z/ b{C U D) — > Z/ bC As Z/ bD), we also write y Da for y fl d*(a). 

The first five parts of this theorem follow easily from the definitions, with 
the help of Examples 13.3.61 and 13.3.111 The remaining parts are proved in much 
the same way as was Theorem 11.2.51 the proofs will be discussed in the following 
chapter. 

Definition 3.4.11. Let b: G/H — > B be a G-map and let V be a representation 
of ii\ In l2.6.1l we defined the space 

s v,b 

over B. By [371 §15.1], we have an inverse 
spectrum S~ V ' b over B . Generalizing, if a is a virtual representation of II-B, we 
have a G-spectrum S a ' b over X. 

Definition 3.4.12. 

(1) If hf (— ) is a generalized i?0(G)-graded homology theory on ex-G-spaces 
over B (we shall make precise what we mean by this in the following 
chapter) and a = f3 7 is a formal difference of spherical representations 
of TIB, write h a for the covariant Mackey functor defined by 

&:G/H^B) = h${b){S^ b ). 

This is a functor on Ii- a B, and we make it a functor on HB using the 
identification in Theorem 12.6.31 For a cohomology theory h G , we define 
h G similarly. 

(2) If hf(-) is a generalized i?0(G)-graded homology theory on G-spectra 
over B and a is a virtual representation of TIB, write h a for the covariant 
Mackey functor defined by 

h£(b:G/H^B)=h$(S- a > b ). 

For a cohomology theory h G , we define h G similarly. 

The Atiyah-Hirzebruch spectral sequence generalizes as follows (cf. 2, §12]). 
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Theorem 3.4.13 (Atiyah-Hirzebruch Spectral Sequence). Suppose that hf(-) 
is an RO(G)-graded homology theory on ex-G '-spaces over B or G-prespectra over 
B. Let a be an element of RO{G) and let f3 be a formal difference of spherical 
representations of TIB. Let X be an ex-G-space or G-prespectrum over B that is 
bounded below. Then there is a strongly convergent spectral sequence 

Ep,q = Ha-p+piX'jhp+g) h^ +p+q (X). 

Similarly, if h G (—) is an RO(G)-graded cohomology theory on ex-G-spaces over B 
or G-prespectra over B , there is a conditionally convergent spectral sequence 

E P ' q = H^ 0+p (X;h G +q ) => h G +p+q (X). 

a 

Corollary 3.4.14 (Uniqueness of Ordinary i?0(HB)-Graded Homology). Let 
h*(—) be an RO(G)-graded homology theory on ex-G-spaces over B or G-prespectra 
over B and let j3 be a formal difference of spherical representations of TLB. Suppose 
that, for integers n, 

kp+n = forn^O 
Then, for a G RO{G), there is a natural isomorphism 

^R = # Q %(-;^)- 

There is a similar statement for cohomology theories. 

Proof. There is an Atiyah-Hirzebruch spectral sequence 

(and similarly for cohomology). The spectral sequence collapses to the line q = 0. 
(We could also use the direct argument of [351 15.2 & 19.5].) □ 

Also useful is a universal coefficients spectral sequence. Write H%(X) for the 
contravariant n.B-Mackey functor given by 

H^(X)(b: G/K ^ B) = H^(X;UB(b,-)). 
Tor" B and Ext-^ below are the derived functors of <8>fjs an( i H° m n.B respectively. 

Theorem 3.4.15 (Universal Coefficients Spectral Sequence). If S_ is a covariant 
TIB -Mackey functor and T is a contravariant HB-Mackey functor, and if a is a 
virtual representation of HB, there are spectral sequences 

E p,q = T0r p B ( H a+q( X )i±i) H a+p+q( X '' £-) 

and 

E™ = Ext| B (iT^ (X)) T) H« +p+q (X;T). 

Proof. These are constructed in the usual way by taking resolutions of S_ and 
T and then taking the spectral sequences of the bigraded complexes obtained from 
the chain complex of X and the resolutions. □ 

Finally, a word or two about obstruction theory. For ex-G-spaces over B, 
obstruction theory works pretty much as expected, if we look for obstructions to 
obtaining lax maps rather than strict maps. That is, we have results like the 
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following: Let X be a G-CW(7) complex and let Y be a G-space over B. Let 
/ : X 1+n -v F be a lax map. Then there is an obstruction class 

[ c ^ + " +1 (/)] e JP+" +1 (X;7f 7+ „(Y)) 

such that /IX^™- 1 extends to a lax map on Xi +n+1 if and only if [c 7+n+1 (/)] = 0. 
We can, for example, adapt the presentation of |49| §V.5]. 

For spectra over B, we find obstructions to finding lax maps out of costabiliza- 
tions. That is, we have results like the following: Let X be a G-CW(7) prespectrum 
and let Y be a G-prespectrum over B. Let /: X 7+n ~> Y be a lax map. Then 
there is an obstruction class 

[ c 7+n+i (/)] e ^+™ +1 (X;7r 7+n (y)) 

such that f\X 7+n ~ 1 extends to a lax map on a X 1+n+1 for some costabilization a X 
of X if and only if [^+ n+1 (/)] = 0. 



CHAPTER 4 



Parametrized Homology and Cohomology 

Introduction 

At the end of the preceding chapter we defined parametrized ordinary homology 
and cohomology theories. Our first goal in this chapter is to discuss how these 
theories are represented, and we begin by discussing general parametrized theories. 
To deal with homology it is useful to have a duality connecting homology and 
cohomology theories, but fiberwise duality, the most obvious, does not do the job. 
We introduce a new duality, which we call homological duality, that suits our needs 
better. 

With this machinery in place, we discuss the parametrized prespectra repre- 
senting ordinary homology and cohomology. As in the nonparametrized case, when 
G is infinite these spectra give rise to two more theories, the dual ordinary homol- 
ogy and cohomology theories. We show how these dual theories can be calculated 
from chain complexes arising from dual G-CW structures. 

Finally, for both the ordinary theories and their duals, we discuss passage to 
subgroups, restriction to fixed sets, and products. We complete our program by 
giving general Thorn isomorphism and Poincare duality theorems. 



4.1. Representing homology and cohomology theories 

We begin by defining carefully what we mean by "i?0(G)-graded" parametrized 
homology and cohomology theories. We concentrate on reduced theories on ex-G- 
spaces and theories on spectra. 

In [16] Dold gave axioms for nonequivariant homology and cohomology theories 
defined on spaces parametrized by B. Several authors, including Wirthmuller 50J, 
have given axioms for i?0(G)-graded theories defined on G-spaces; we follow those 
given more recently by May in |34l XIII. 1]. We combine the two approaches to give 
axioms for equi variant theories defined on parametrized spaces. 

Let £%0{G) be the category of finite-dimensional linear representations of G 
and G-linear isometric isomorphisms between them. Say that two maps V — > W 
are homotopic if the associated G-maps S — > S w are stably homotopic. Let 
ht%0(G) denote the resulting homotopy category. (Comparing with [34] . we are 
assuming that we are using a complete G-universe ^ . Variants for smaller universes 
are possible, but we are interested in duality, which at present requires a complete 
universe.) 

As usual, fix a suitable basespace B. The following definition also appears in 

m\ §2i.i]. 
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Definition 4.1.1. An RO(G)- graded parametrized (reduced) homology theory 
consists of a functor 

hf: h^O(G) op x Ho GJt B -+ Ab, 

written (V, X) i— > hy(X) on objects. Similarly, an RO(G)-graded parametrized 
(reduced) cohomology theory consists of a functor 

h* G : hMO(G) x Ho GJf B ° p -> Ab. 
These functors are required to satisfy the following axioms. 

(1) For each V, the functor hy is exact on cofiber sequences and sends wedges 
to direct sums. The functor h@ is exact on cofiber sequences and sends 
wedges to products. 

(2) For each W there are natural isomorphisms 

a w : h v (X) -*■ h vmw (H B X) 

and 



h v G {X) 



1 G 



(EjX 



a = id and a z o a 1 



r W(3Z 



for every pair of representations W and Z. 



(3) The a are natural in W in the following sense. If a: W — > W is a map 
in hfflO{G), then the following diagrams commute. 



»(id) 



h G {X) 



^h v G ® w (T^X) 



(id) 



As in [34] we extend the grading to "formal differences" V G W by setting 

and similarly in cohomology. Rigorously, we extend the grading from h£%0(G) op to 
h^O(G) op x hMO{G). Now, RO{G) can be obtained from MO{G) by considering 
V W to be equivalent to V' Q W when there is a G-linear isometric isomorphism 

a : v e W -> y' ® w. 

Given such an isomorphism we get the following diagram. 



^ ,L V'®W 



^ rl V®W'\ n B -^1 
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Here, r : W S3 W — > W © is the transposition map. Thus, 

(There is a similar isomorphism in cohomology.) It is in this sense that we can 
think of grading on RO(G), but note that the isomorphism depends on the choice 
of a, so is not canonical. 

Dold pointed out that (— ) and h G (—) restrict to functors on HB. Actually, 
the suspension isomorphisms imply that homology and cohomology theories extend 
to stable maps, and so we get restrictions to functors on the stable fundamental 
groupoid HB. The restrictions to TIB give i?0(G)-graded collections of IIi?-Mackey 
functors that we shall call the coefficient systems of the theories and denote by /j„ 
and h* G . 

As usual, if X is an unbased space over B, or (X,A) is a pair of based or 
unbased G-spaces over B, we define 

hf(X) = h?(X+) 

and 

h?(X,A) = h°(C B i) 
where i: A — > X is the inclusion and Csi is its cofiber over B. We use a similar 
convention for cohomology. 

If we replace HoGJ^b with HoG&b in Definition 14. l.U we get the definitions 
of parametrized homology and cohomology theories on prespectra over B. 

We are interested in how these theories are represented. It is well-known how to 
represent parametrized cohomology theories using spectra over B (see, for example, 
[5] and [6]). The following is Theorem 21.2.3 in [37] . and follows from Brown's 
representability theorem in the usual way. 

Theorem 4.1.2. Ifh G {—) is an RO(G)- graded cohomology theory on RoGJ^b, 
then it is represented by a G-prespectrum E over B, in the sense that, for each V , 
there is a natural isomorphism 

h v G {X)^[^X^ v B E] GtB . 

The prespectrum E is determined by h up to non-unique equivalence. Similarly, if 
h G {—) is an RO(G)-graded cohomology theory on HoG^b, then it is represented 
by a G-prespectrum E over B, in the sense that, for each V , there is a natural 
isomorphism 

h v G {X)^[X^ v B E] G ,B 
The prespectrum E is determined by h up to unique equivalence. □ 

We now consider homology theories. Curiously, previously to |37j and this 
paper, there appears to have been no discussion in the literature of representing 
homology theories on parametrized spaces. The next proposition gives a way of 
defining a homology theory using a parametrized prespectrum. Before that we 
should say a few words about smash products. (We summarize the more detailed 
discussion [37].) 

The fiberwise smash product behaves poorly from the point of view of homotopy 
theory; it does not pass directly to homotopy categories. However, the external 
fiberwise smash product does behave well. If D is a G-prespectrum over A and E is 
a G-prespectrum over B we can form the external smash product D aE over Ax B. 
(Since we are using prespectra and not orthogonal spectra, the smash product we 
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use is either "external" with respect to indexing spaces as well, or is a "handicrafted" 
smash product [37[ 13.7.1].) The internal smash product of spectra D and E in 
HoG# B is then defined by D Ab E = A*{D A E), where A: B ->■ B x B is the 
diagonal. As usual, this notation is convenient but misleading. In the homotopy 
category, A* and A must be understood as derived functors of their point-set level 
precursors. In particular, A* is defined by first applying a fibrant approximation 
functor and then applying the point-set level A* . Fortunately, May and Sigurdsson 
show that the familiar compatibility relations among the smash product and the 
change of basespace functors remain true in the homotopy category. 

Proposition 4.1.3. If E is a G-prespectrum over B then the groups 

E^(X)^[S v ,p,(E A B X)] g 

define an RO{G)- graded homology theory on HoGJ^b (taking X to be an ex-G- 
space) or on HoG&b (taking X to be a prespectrum over B). Here, p: B — > * 
denotes projection to a point. □ 

Proof. The main problem is to see that Ey(X) is exact on cofiber sequences 
and takes wedges to direct sums. Write p\(E Ab X) = p\A*(E A X). As in [37] . 
each of p\, A*, and E a — is exact on HoG^b and also takes wedges to wedges. 
The remainder of the proof is as in |34l XIII. 2. 6]. □ 



At first glance, this is not an obvious way to define a homology theory using 
a spectrum. In particular, the use of p\ on the right might not be expected, given 
that p\ is a left adjoint. One justification is that it works: We do get a homol- 
ogy theory and, moreover, we will be able to show that every homology theory is 
representable in this way. Here is, perhaps, a better justification. The homology 
and cohomology theories determined by a parametrized spectrum E should, locally, 
reflect the nonparametrized theories given by the fibers of E. To make this precise, 
we first record a change of basespace result. 

Proposition 4.1.4. Let a: A — > B be a G-map, let X be an ex-G-space over 
A, and let E be a G-prespectrum over B. Then 

E${a\X) S {c7e)C(X) 

and 

El(a,X) = (c7e) g (X). 
Proof. We begin with cohomology, which is a little more obvious: 

E^(a\X) = [a\X, Y^E] G)B 

<* [X,a*(Yy B E)] GA 
= [X, Y, v A a*E] GtA 

= (c7e) v g {x). 
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For homology we have the following, using one of the stable equivalences listed in 
Section El 

E§(aiX) = [S v , p\{E A S a\X)] G 

<* [S v )P ,Ma*EA A X)} G 
= [S v ,p,(a*EA A X)] G 

□ 

We can now say that these theories behave correctly over individual points of 

B: 

Corollary 4.1.5. Let E be a G-prespectrum over B, let b: G/H — * B, and 
let X be a based H -space. Then 

^(MGx ff I)) = {E b )$(X) 

and 

El(b,(GK H X)) = {E b ) v H {X). 

□ 

Thus, the homology and cohomology theories defined by E restrict over each 
point b of B to the nonparametrized theories defined by the fiber E b . 

Specializing further, we can examine the coefficient systems of the homology 
and cohomology theories determined by E. 

COROLLARY 4.1.6. If E is a G-prespectrum over B , then the coefficient systems 
of its associated homology and cohomology theories are given by 

E5(b: G/H^B)=rf_ nG/H) (E b ) 

and 

E G (b)=Tr H v (E b ), 
where V(G/H) is the tangent H -representation at eH G G/H. 

Proof. The calculation for cohomology follows directly from the definitions 
and the preceding corollary. The calculation for homology uses the isomorphism of 

nan.6.5]. □ 

Finally, we give one more useful application of Proposition 14.1.41 The groups 
E^(X,p, a) and Eq(X,p,o~) depend only on the spectrum p*E parametrized by 
X. To see this, note first that (X,p,a) = p)(X',q,r) where X' — X ^ a (B) X, 
q: X' — > X is the evident map, and r: X — > X' takes X onto the second copy of 
X in X' . From this it follows that 

E^{X)=E^{pX') = iFE)^{X') 

and similarly for cohomology. In particular, if p* E is trivial, in the sense that 
it is equivalent to p*D = X x D for a nonparametrized G-prespectrum D, then 
(assuming that X is well-sectioned) 

E%{X) = D$(pX') = D$(X/a(B)) 

is just the usual D-homology of X/a(B), and 

El{X)^b v G {X/a{B)) 



no 
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is just the usual D-cohomology of X/a(B). 

4.2. Homological duality 

Let E be a G-prespectrum parametrized by B. We would like to relate the 
homology and cohomology theories determined by E by finding, for each suitably 
"finite" G-prespectrum X over B, a dual prespectrum DbX over B such that 
Eq(X) = E_^(DbX). It will be convenient to generalize as follows. Let A and B 
be basespaces, let W be a G-prespectrum over ^4, and let E be a G-prespectrum 
over Ax B. Writing in terms of mapping sets, we would like a natural isomorphism 
of the form 

[W A X, E] G AxB - [W, (1 x p),(l x A)*(£ a 5 B X)] G , A . 

Here, A denotes the external smash product while, as is our custom, p denotes 
projection to a point. We are most interested in the case A = *, but the extra 
generality comes at no cost and gives a considerably more satisfying result. We 
call this kind of duality homological duality to distinguish it from the better-known 
fiberwise duality (see, for example, [5] or [6] as well as [37] ). What we call homo- 
logical duality, May and Sigurdsson have seen fit to call Costenoble-Waner duality, 
for which we thank them. 

Homological duality does not fit the usual formalism of duality in closed sym- 
metric monoidal categories — fiberwise duality does. However, we can set up a very 
similar formalism for our purposes. May and Sigurdsson [37j have developed a 
more general notion of duality, in what they call closed symmetric bicategories, 
that includes both fiberwise duality and homological duality as special cases. 

Recall from [37] that there is an external function spectrum functor F: If Y is 
a G-prespectrum over B and Z is a G-prespectrum over A x B, then F(Y, Z) is a 
G-prespectrum over A. F(Y, — ) is right adjoint to — A Y . 

Definition 4.2.1. If X is a G-prespectrum over B, let D B X — F(X, A\Sb) 
where Sb is the sphere spectrum over B (i.e., S^i? + ) and A: B — > B x B is the 
diagonal. 

We shall justify this definition over the course of this section. It's interesting 
to note that the fiberwise dual of X can be written as F(X, A r S B ) where A* is 
the right adjoint of A*. We should reiterate our standard warning at this point: 
All of our constructions are done in the stable category. The point-set definition 
of F(X, A\Sb) gives a misleading picture of DbX, so we shall rely heavily on the 
formal properties of the functors we use, as given in [37] . 

Evaluation, the counit of the A-F adjunction, gives a map 

e: D b XaX -> A,S B - 

The following innocuous-looking lemma is a key technical point in this circle 
of ideas. 

Lemma 4.2.2. (1 x p X 1)|(1 X A x 1)*(E a A\Sb) = E in the stable category, 
for every G-prespectrum E over Ax B. 

PROOF. Here and elsewhere we use the commutation relation j*f\ = g\i* that 
holds when the following is a pullback diagram and at least one of / or j is a 
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fibration: 




/ 

(This is [371 13.7.7].) The proof of the present lemma would be considerably easier 
if the fibration condition were not required, but the result if false in general without 
it. The following chain of isomorphisms proves the lemma. 

(1 x p x 1)|(1 x A x 1)*(E a A,S B ) 

= (1 x p x l)!A^ xBxB [(l x 1 x p)*E A (p x 1 x 1)*A,S' B ] 

= (1 x p x 1),[(1 x 1 x p)*E AaxBxb x 1 x l)*A,Sy 

(1 x p x 1),[(1 x 1 x A Axi3xB (1 x A)(p x 1)*S B ] 
^ (1 X p x 1),(1 X A).[(l x A)*(l x 1 x Aaxb (p x 
— E Aaxb Saxb 

E 

Here, A generally denotes the diagonal map B — > £> x B, but Ayi xBxB denotes the 
diagonal map on A x £? x £?. □ 

Definition 4.2.3. Let X and F be G-prespectra over B, let If be a G- 
prespectrum over A, and let i? be a G-prespectrum over A x B. 

(1) If e: F A X -> Ai5b is a G-map over B x B, let 

e„ : [W, (1 x p),(l x A)*(£ A Y)] g ,a -> [W A X, B] g ,axb 
be defined by letting ej(/) be the composite 

WaI ^ (1 x x A)*(E aY)aX 

= (1 x px l)i(l X A x l)*(BAyAl) 

(1 x p x l)i(l x A x 1)*(J5 a AtS B ) 

= £. 

(2) If rj: S -> P!A*(X a F) = pipf A B F) is a G-map, let 

m : [W A X, £] g ,axb - [W, (1 x x A)*(E A Y)] G , A 
be defined by letting r/o(/) be the composite 

T4 7 = 14 7 a 5 W A piA*(X A Y) 

= (lx ^.(l x A)*(W Al aF) 

^ (1 x p),(l x A)*(EaY). 

Definition 4.2.4. A G-prespectrum X over B is homologically finite if 

eg : [W, (1 x p),(l x A)*(E A 5 B X)] G> ^ — » [W A X,£] G>AxB 

is an isomorphism for all W and E, where e: DbX A X — > A\Sb is the evaluation 
map. 

We have the following characterizations of the dual, similar to [291 III. 1.6]. 
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Theorem 4.2.5. Let X and Y be G-prespectra over B. The following are 
equivalent. 

(1) X is homologically finite and Y = DbX in the stable category. 

(2) There exists a map e: Y A X — > A\Sb such that 

H : [W, (1 x p),(l x A)*{E A Y)] g ,a -» [W A X, £] g ,axb 

«s an isomorphism for all W and E. 

(3) There exists a map ry. S — > p\A*(X A Y) suc/i £/iai 

r/ B : [WaI,£]g4xb [W, (1 x ,9)1(1 x A)*(£ a Y)] G , A 

«s an isomorphism for all W and E. 

(4) There exist maps e : Y f\ X — » A\Sb and 77 : — s- ptA*(X A Y) swc/i f/iai 
£/ie following two composites are each the identity in the stable category: 



X 



= (px 1),(A x 1)*(XXYaX) 

lAe 



(p x l)t(A x l)*(X a A.Ss) 



Y 



IA77 



> Y a p\A* (X A Y) 
(1 x x A)*(Y Al a Y) 



cAl 



(1 x x A)*(Ai5b A Y) 



= Y 

Moreover, when these conditions are satisfied, the following are also true: The 
maps ej and 7jjj are inverse isomorphisms; the adjoint of e: Y A X — > Ai5b is an 
equivalence e: Y — > DbX; and the maps ej andjrj satisfy the same conditions with 
the roles of X and Y reversed, where 7 is i/ie iwwsi map. 

PROOF. (pQl implies (J2|) trivially. 

Suppose that (j4|) is true. The following diagram shows that e$%(f) = / for any 
f:W~k~X^E: 

WaX 
IA77AI 
Wap,A*(YaY)aY 



/Al 

(1xpx1)!(1xAx1)*(WaXaYaA) » (1 xpx 1), (1 x A x 1)* (EaYaX) 



lAlAe 



/Al 



(1xpx1)i(1xAx1)*(WaXaAiSb) > (1 xpx 1)| (1 x Ax 1)* (EaA,S b ) 



WaX 



-> E 
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On the other hand, the following diagram shows that rfte$(g) = g for any g: W 
(1 x p)i(l x A*)(£ A Y): 



W ■ 



IAjj 

Wa p ,A*(XaY) 



SAI 



> (1 x x A)*(£ a Y) 

lAr; 

4(lx p)t(l x A)*(£ aY) a>A*(A a Y) 



(1 x p),(l x A)*(W aX aY) -^U (1 x p x p),(l x A x A)*(E aY aX aY) 



IAcAI 



(1 x p x x A x A)*(E A A.Sb a Y) 



(1 x p),(l x A)*(E aY) 

Here we use the natural isomorphism (1 x p)i(l x A)*(l x p x 1 x 1 ) i (1 x A x 
1 x 1)* = (1 x p x x A x A)*, which follows from the isomorphism (1 x 

A)*(l x p x 1 X l)i = (1 x p x 1 ) I (1 x 1 x A)*. We also use the isomorphism 
(1 x p)j(l x A)*(l x 1 x 1 x p)[(l x 1 x 1 x A)* = (1 x p X p)j(l x A x A)*, which 
is true for a similar reason. Therefore, ej and are inverse isomorphisms, so @ 
implies both © and ©. 

Assume now that © is true. Taking W — S and E = X, let rj: S — » pi A* (X A 
V) be the map such that £(((?/) = 1, the identity map of X. The first composite in 
(|4]) is just £5(77), so is the identity by construction. The first of the diagrams above 
shows that ej o 77^ = 1, so 77jj is the inverse isomorphism to ej. Now take W = Y 
and £ = Ai 5b. Using the identification (1 x p)\(l x A)*(Ai5b A Y) = Y, we have 
£jj(l) = e, so ryj(e) = 1. Written out, this says that the second composite in (H|) is 
also the identity. Thus, © implies dJ). 

Now suppose that ([3]) is true. Take W — Y and S = Ai5b and let e : 7aX-> 
Ai5b be the map such that 77^ (e) = 1. The remainder of the proof that ([3]) implies 
d2]) is now similar to the preceding argument. 

Assuming (gj), hence ©, let e: Y -> Z) B X be the adjoint of e: Y A A ~> Ai5 B . 
A reasonably straightforward diagram chase shows that e is an equivalence with 
inverse the composite 

D B X D B X A p,A*(A A Y) 

~(lx p),(l x A)*(D B X A X A Y) 



eAl 



(1 x p),(l x A)*(A,5 B a Y) 



= Y. 

(TT]) now follows. 

The claim in the theorem about £7 and 777 follows from ^ by symmetry. The 
other claims in the last part of the theorem have been shown along the way. □ 

Corollary 4.2.6. If X is homologically finite then so is D B X . and D B D B X = 
X. □ 
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We have the following useful compatibility result. 

Proposition 4.2.7. If X is a homologically finite G-prespectrum over B and 
f3: B — > B 1 is a G-map, then (3\X is homologically finite and (3\DbX = Db>P\X. 

Proof. Let E be a G-prespectrum over A x B' . Wc first show that, for any 
G-prespectrum Y over B, we have an isomorphism 

(1 x p)|(l x A)*(E a (3<Y) = (1 x p),(l x A)*[(l x f3)*E A Y]. 

Once more, we need to detour carefully around commutation relations we wish were 
true but need not be in general. The following chain of isomorphisms works: 

(1 x p),(l x A)*(E a (3\Y) = (1 x p)i[E AaxB' (p x 1)*AY] 

= (lx p) { [EA AxB , (1 xj3),(px 1)*Y] 

= (1 x p),(l x x /?)*£ A AxB (p x l)*y] 

= (1 x p),(l x A)*[(l x (i)*E A y] 

Let VT be a G-prespectrum over A. We now have the following chain of isomor- 
phisms: 

[W, (1 x p),(l x A)*(E a ACbXJIca £* [W, (1 x p),(l x A)*[(l x /3)*£ A D B X]] G> ^ 

S [WaI,(1 x /3)*S] g , AxB 
S \Wa0iX,E\ g ,axb' 
Tracing through the adjunctions, we can see that this is ej where e' is the composite 

PiYAfiiX = (/? x /3),(r Al) 
A (/3 x ^.A.Ss 
= Ai^Sfl 
-> A,^, 

where the last map is induced by the adjoint of the isomorphism Sb P*Sb'- 
The proposition now follows from Theorem l4.2.5l □ 

In particular, if X is homologically finite over B, then p\X is a finite non- 
parametrized spectrum and DptX = p\D B X. Thus, the homological dual of X 
is essentially the ordinary dual of the underlying nonpar ametrized spectrum p\X, 
except that it is constructed so as to be parametrized by B. For example, we have 
the following sequence of results, giving examples of duals of many spaces. (Our 
original proofs were modeled on |29l §111.4] and were rather involved. Peter informs 
us that he no longer trusts the argument of that section and we're not confident 
that our arguments were correct, either. Given that May and Sigurdsson have 
since provided better proofs, we shall defer to them for the proofs of the following 
results.) 

We first introduce the following notion for spaces. 

Definition 4.2.8. Let X and Y be ex-G-spaces over B. We say that X and 
Y are V-dual if there exist weak maps 

e: Y Al -> A{Sb A S v 

and 

j]-. S v ->p<(X As Y) 
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such that the following diagrams stably commute: 



S v A X (p x 1),[(1 x p)*X /\bxb (Y a X)} 



X A S v <-s- (p x 1),[(1 x p)*X A ByB A,S B A S v ] 



and 



Y A S 



S v AY 



IAtj 



4(1 xp),[{Y Al) A BxJ3 (pxl)T] 



(1 x p)![(A,5 B A S v ) Abxb (p x 1)*Y] 



->S V AY 



Here, 7 is transposition and a{v) = —v. 

Proposition 4.2.9. [33 18.3.2] If X andY 
logically finite and D B X = YTj^ 1 Eg Y . 



are V -dual, then Eg X is homo- 



□ 



If (X, A) — > B is any pair of (unbased) spaces over B, let Cb(X, A) denote the 
fiberwise mapping cone of A — > X over B, with section given by the conepoints. In 
particular, Cb{X, 0) = X + . 

Let X be a compact G-ENR and let p: X — > _B. Take an embedding of X as 
an equivariant neighborhood retract in a G-representation V. Let r : N —> X be a 
G-retraction of an open neighborhood of X in V. Via r, we think of TV as a space 
over X, hence over B. 

Theorem 4.2.10. [33 18.5.2] Let (X, A) be a compact G-ENR pair over B and 
let V and N be as above. Then Cb(X, A) is V-dual to Cb{N — A, N — X), hence 
X<§C B (X,A) is homologically finite with D bZ%° C B (X , A) = ST y £f C B (N-A, N- 
X). " □ 



As usual, we can specialize to smooth compact manifolds. Let M be a smooth 
compact G-manifold and let p: M — ► B be a G-map. Take a proper embedding of 
M in V' x [0, 00) for some G-representation V', with dM embedded in V' x and 
M meeting V' x transversely. Write V = V ® M. Write ^ for the normal bundle 
of the embedding of M in V' x [0, 00) and write dv for the normal bundle of the 
embedding of dM in V', so <9^ = v\dM . Write S v for the sectioned bundle over M 
formed by taking the one-point compactification of each fiber of the section being 
given by the compactification points. Let S B = p\S u . In particular, S% = Tu, the 
Thorn space of v. We have the following version of Atiyah duality. 



Theorem 4.2.11. [37j 18.7.2] Let M be a compact G-manifold and letp: M —> 
B be a G-map. Embed M in a G-representation V as above. Then E^A/ + is 
homologically finite, with dual Yr V S B / B S B U , and Eg M/ B dM is homologically 
finite with dual S _v S B . The cofibration sequence 



dM, 



M+ M/ B dM -> E B dM^ 
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is V -dual to the cofibration sequence 

^BO B <—b B /BOB ^ B ^B ■ 

□ 

Note: In |37j , Atiyah duality is actually shown first and used to prove the more 
general duality theorem for G-ENRs. 

Using homological duality we can now show that parametrized homology the- 
ories are representable. 

Theorem 4.2.12. Ifh*{—) is an RO(G)- graded parametrized homology theory 
on Ho G&b, then it is represented by a G-prespectrum E over B, in the sense that, 
for each V , there is a natural isomorphism 

h$(X) - [S V , P ,(E A B X)] G . 

PROOF. Define a cohomology theory h G (—) on homologically finite objects in 
HoG^ B by letting 

h%{X) = h G a (D B X). 

By |371 20.8.6], which can be generalized to the equivariant context as discussed 
in [371 §21.5], h* G {—) is represented by a G-prespectrum E over B. This spectrum 
therefore represents h*(— ) on homologically finite objects, hence on finite cell spec- 
tra by [371 18.2.1]. The spectrum E therefore represents h*(—) on all cell spectra 
by taking colimits, hence it represents hf(-) on all of HoG^b. □ 

4.3. The spectra representing ordinary theories 

Let B be a G-space and let S and T be, respectively, a covariant and a con- 
travariant IIB-Mackey functor. Fix a virtual spherical representation 7 of n_B. 
We get reduced RO (G)-graded parametrized homology and cohomology theories 
on spaces or spectra parametrized by B (as in Definition 14. 1 . 1|) by sending the pair 
(V, X) to H^ +V {X;S) or to H G +V (X;T). By Theorems E2H and EH there exist 
G-prespectra HS_ 7 and HT' y , parametrized by B, representing these two theories. 

If X is a G-space over A, the canonical map A — > BHqA induces a natural 
isomorphism 

H®(X -^A;S) = H^(X -» BU G A;S) 

and similarly in cohomology. On the right, 7 and S_ denotes the corresponding 
objects under the equivalence Hc(BUcA) = UqA. As a consequence, the spectra 
HELj and if T 7 are pullbacks of spectra over BHqA, and it is sometimes convenient 
to think of them as parametrized by BTIqA rather than A. 

It follows from the dimension axiom in Theorem 13.4.101 that each fiber of H 5 7 
or HT 1 is a Mac Lane-Eilenberg spectrum or an Eilenberg-Mac Lane spectrum, 
respectively, as in Chapter [TJ 

If E is any G-spectrum over B, define a contravariant functor tt^E on Ilf? by 

Tf 1 E{b)=E%{S^ b ) = [S^\E] G , B . 

This obviously defines a functor on II 7 i?, and we make it a functor on ID3 using 
the isomorphism of Theorem l2.6.31 It follows from obstruction theory (see the end 
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of £ 13 . 4j) that HT 1 is characterized, up to isomorphism in the stable category over 
B, by the calculation 



ir 1+n HT~< = 



T n = 
n^O. 



We call any spectrum satisfying such an isomorphism a parametrized Eilenberg- 
Mac Lane spectrum. 

Similarly, we define a covariant functor t^E on TIB by 

Lj E(b) = E^(S^ b ) = [S, Pl (EA B S^ b )] G £ [D B S^ b ,E] G>B . 
We then have the following calculation: 

is n = 



n ^ 0. 



We call HS_ 7 a parametrized Mac Lane-Eilenberg spectrum, and it follows from the 
dual obstruction theory to be outlined in the following section that HS_ is charac- 
terized up to stable isomorphism by the calculation above. 

We can now define theories dual to the RO (HB)-graded ordinary theories as we 
did for the RO (G)-graded ordinary theories in Section [l~4l As there, the distinctions 
we make exist only when G is not finite. 

Definition 4.3.1. Let B be a G-space. If T is a contravariant LTB-Mackey 
functor, let dual ordinary homology theory, Jt? r ^_ :t (—;T), be the homology theory 

on spaces or spectra over B represented by HT 1 . If S_ is a covariant LTB-Mackey 
functor, let dual ordinary cohomology theory, -j^q + *{—',S_), be the cohomology the- 
ory on spaces or spectra over B represented by HS__ . 

These theories satisfy a list of properties. 

Theorem 4.3.2. Let X be a G-prespectrum parametrized by B. Let 7 be a 
virtual spherical representation of TIB and let S_ and T be respectively a covari- 
ant and a contravariant TIB -Mackey functor. Then the theories J^fJ + * (X; S_) and 
J^ +if (X;T) satisfy the following properties. 

(1) If a: A — > B and X is a G-prespectrum over A, then 

M^{a x X-T) £* Jtg^X;a*T) 

and 

jeg(aiX\S) S ,^f 7 (X;a*S). 

(2) (Dimension Axiom) We have the following natural isomorphisms of func- 
tors of b in TIB : 



,^ G +n (D B Y,™S-^ b ;T) 



T(b) ifn = 0, 
ifn^O, 



.JfJ +n (D B ^S^ b ;S)^\f b) lf f H -° n 

tfn^O, 



for integers n. 
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(3) (Wirthmiiller Isomorphism) If K C G and X is a K -spectrum over B, 
there is an isomorphism 

J^ G {G k k (S~ V{G / K ^ AX);T) = Jf^ K (X;T\K), 

and similarly in dual cohomology. In dual homology, if X is a G-spectrum 
over B, the composite 

.J4? G {X;T) -» J^ G (D(G/K + ) AI;T) 

S Jf G (G k k {S- V{G/K) A X)-T) 

^Jf^ K (X;T\K), 

where the first map is induced by the dual of the projection G/K —> *, 
is called restriction to K and is denoted by a \— * a\K . There is a similar 
restriction in cohomology, but with a shift in dimension. We shall discuss 
this further in Section \4-5\ 

(4) If K is a normal subgroup of G, then there is a natural restriction to fixed 
sets 

J? G (X-T) - J? G J K ($ K (Xy,T K ), 

and similarly in dual cohomology; we shall denote this a i— ► a K . This re- 
striction respects suspension and restriction to subgroups in the same way 
that restriction to fixed sets does for ordinary homology and cohomology, 
and its evaluation at a point again gives the projection. We shall also 
write a K for (a\NK) K when K is not normal in G. 

(5) There is a natural associative cup product 

-U-: H^(X;T)(g>J^S(Y;S)^Jfg +5 (X A B Y;TvS). 

This cup product satisfies (x U y)\K — {x\K) U (y\K) and (x U y) K = 
(x K ) U (y ). If d: W — * X Ab Y is a map we also write x U y for 
d*(xUy). 

(6) There are evaluation maps 

(-, -) : Jt%(X;S) ® Je G +s (X;T) - H?(Z%B + ;SV T) 

and 

(- , - } : Hi (X ; T) ® Jf G +s (X ; U) - (Eg 3 B+ ; T □ U) . 

These evaluations are natural in the usual sense: if f : X — > Y , then 
(yif*( x )) = (f*(y)i x )- They also satisfy (x,a)\K — (x\K,a\K) and 
(x,a) K = (x K ,a K ). 

(7) There are cap products 

- n - : Jtg(Y; S) <g> A B F; T) -> Hf (X; SvT) 

and 

-n-: Hl{Y-T)® Je G +s {X AbY-U) ^ jr s G {X;TUU). 

These cap products are natural in the usual sense: if f : X — * X' and 
g: Y — > y', i/ien y' n (/ A s)*(a) = f*{9*{y') n a )- 7^ e 2/ saiis^/ 
(iUi/)na = xn(yna), (xno)|if = (a;|i^)n(a|if), and (xna) K = x K C\a K . 
Further, (xUy, a) = (x, yd a). If d: W — > X AbY is a map we also write 
y n a /or y n d*(a). 
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The dimension axiom follows from the definitions of the dual theories. The 
remaining properties will be proved in the remainder of this chapter. 

4.4. Dual G-CW objects 

Before we discuss the properties of the various ordinary theories we now have, 
we show how the dual ordinary theories can be computed from chain complexes. 
These chain complexes come from "dual G-CW complexes" over B. Here are two 
motivating examples. 

Examples 4.4.1. 

(1) If M is a smooth G-manifold, consider the cell structure on M dual to a G- 
triangulation, as in Example l3.1.3l The cell dual to a fc-simplex of the form 
G/HxA k , with barycenter m, has the form G x h D(r(m) — k — V (G / H)) , 
where r denotes the tangent representation of HqM and V(G/H) denotes 
the tangent plane to eH in G/H. We will want to think of this cell as 
a dual (t — fc)-dimensional cell. Notice that the geometric dimension of 
the G-manifold G x H (r(m) - k - V{G/H)) is |r(m)| - k. Thus, when 
considering a dual cell of the form G Xh D(V), we will be interested in 
its geometric dimension \V\ + \V{G/H)\ rather than just |V|. 

(2) If X is a homologically finite parametrized prespectrum, then M'q (X; S_) = 
Hz 7 (DbX; S). Suppose further that DbX ~ Y where Y is a finite G- 
CW(— 7) prespectrum. Then y-7+«y B y-7+«-i j s equivalent to a wedge 
of spheres of the form G Xh 1 S~TW+ n > b . The duals of the prespectra 
Y / bY~ 1+ti give a filtration of DbY ~ X whose filtration quotients are 
equivalent to wedges of prespectra of the form Db(Gx hS K 6 )+™> 6 ) ; which 
we want to think of as having dimension 7 — n. However, 

D B {G x H s-~> {b)+n < b ) ~Gx H ,S7(6)-n-nG/H),6_ 

(This calculation follows from Atiyah duality, Theorem 14. 2. Ill ) Thus, we 
again need to take into account the dimension of G/H and say that the 
"dual dimension" of G x H S v - b is V + V(G/H). 

Dual G-CW(7) complexes. We begin with parametrized spaces. As usual 
when dealing with spaces, we assume that 7 is a stable spherical representation of 
HB. 

Definition 4.4.2. 

(1) A dual j-cellis an object e = (GxjjD(V),p) in GJtf / B such that j(Gxh 
0,p) is stably spherically isomorphic to G Xj? (V + V(G/H) + n) for 
some possibly negative integer n. The dimension of e (as a dual cell) is 
|V| + \V(G/H)\. The boundary of e is de = (G x H S(V),p). 

(2) A dual G-CWfj) complex is a filtered object 

(X,p) = colim(X™,p") 

in GJ(f/B, where X° is a union of O-dimensional dual 7-cells, and each 
(X n ,p n ), n > 0, is obtained from (X n ~ 1 ) p n ) by attaching n-dimensional 
dual 7-cells. If (X,A,p) is a pair of spaces over B, then we define a rela- 
tive dual G-CWfa) structure on (A, A) in the obvious way. We shall also 
write X~* +n for X^+ n . If we allow cells of any dimension to be attached 
at each stage, we get the weaker notion of a dual j-cell complex. 
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We shall use again the homotopy sets 7r e (/) defined in Definition 13.1.41 

Definition 4.4.3. A lax map /: X Y is a dual (7 + n)- equivalence if n e (f) 
is trivial for all dual 7-cells e of dimension < (7) + n; / is a dual weak 7- equivalence 
if it is a dual (7 + n)-equivalence for all n. 

Dual weak 7-equivalence is implied by, but in general is not equivalent to, weak 
G-equivalence. The problem is that, for a given b: G/H — > B, it may be impossible 
to find a dual 7-cell with b as its center. This problem disappears on stabilization, 
as we shall see when we discuss prespectra below. 

However, dual 7-cell complexes behave well. The following version of the homo- 
topy extension and lifting property is proved in the same way as previous versions. 

Lemma 4.4.4 (H.E.L.P.). Let r: Y ~> Z be a dual (7 + n)- equivalence. Let 
(X, A) be a relative dual "/-cell complex with cells of dimension < I7I + n. If the 
following diagram commutes in GJ(f x / B without the dashed arrows, then there exist 
lax maps g and h making the diagram commute. 



i AT '1 

A > A x I < A 




X : >X X I< : X 



The result remains true when n = 00. □ 

Using the notation of Theorem 13. 1.8i the following follows from the H.E.L.P. 
lemma in the usual way. 

Theorem 4.4.5 (Whitehead). 

(1) If r: Y Z is a dual (7 + n)- equivalence and X is a + 11 — 1)- 
dimensional dual j-cell complex, then 

r, : n(GJ(r x /B){X, Y) -> ir{GJf x / B)(X, Z) 

is an isomorphism. It is an epimorphism if X is ( | — y | + n)- dimensional. 

(2) If r: Y ~» Z is a dual weak "/-equivalence and X is a dual "/-cell complex, 
then 

r*: ir(GJ{f x /B)(X,Y) -> ir(GJtr x / B)(X, Z) 
is an isomorphism. In particular any dual weak 7 -equivalence of dual 
G-CW(j) complexes is a lax homotopy equivalence. 

(3) Ifr: Y ~> Z is a dual (7+71)- equivalence, (X, A) is a relative fl'yl+n— 1)- 
dimensional dual "/-cell complex, and f : A^Y is a lax map, then 

r, : ir(GJtr x /B)(X, Y)/f -» 7r(GJf x /B)(X, Z)/rf 

is an isomorphism. It is an epimorphism if(X, A) is (\"/\+n) -dimensional. 

(4) If r : Y ^ Z is a dual weak "/-equivalence, (X, A) is a relative dual "/-cell 
complex, and f : A ~> Y is a lax map, then 

r, : ir(GJtr x /B)(X, Y)/f -> ir(GJf x /B)(X, Z)/rf 

is an isomorphism. □ 
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Thus, although dual weak 7-equivalence is, in general, weaker than weak in- 
equivalence, for dual G-CW(7) complexes these notions concide and are equivalent 
to lax homotopy equivalence. The point is that G-CW(7) complexes are limited 
in what cells they can use, and this limitation allows dual weak 7-equivalence to 
detect weak G-equivalence. 

Definition 4.4.6. A lax map / : X ~» Y of dual G-CW(7) complexes is cellular 
if f(X n ) C Y n for each n. Cellular lax maps of relative dual G-CW(7) complexes 
are defined similarly. 

Theorem 4.4.7 (Cellular Approximation). If f : X ~> Y is a lax map of dual 
G-CW(^f) complexes that is cellular on a subcomplex A C X, then f is homotopic 
rel A, in GJ^^/B, to a cellular map. A similar statement holds for relative dual 
G-CWfj) complexes. 

Proof. This follows from the H.E.L.P. lemma once we show that the inclusion 
y 7+n — > Y is a dual (7 + rt)-equivalence. This reduces to showing that, if K C H C 
G, V is a representation of K containing V(G/K), (M, dM) is a ii'-manifold con- 
tained in D(V — V(G/K)), and V is a representation of H containing V(G/H) and 
stably spherically equivalent to V as a representation of K, then there are no essen- 
tial G-maps Gx K (M, dM) -^Gx H (D(V- V(G/H) + k) , S{V + V{G/H) + k)) for 
k > 0. This follows from ordinary obstruction theory, using a G-CW decomposition 
of G x K M, the point being that G x K (V - V{G/K)) and G x H {V - V(G/H)) 
have the same (geometric) fixed-point dimensions. □ 

The following is proved exactly as was Theorem 13.1.111 except that we kill dual 
homotopy groups. 

Theorem 4.4.8 (Approximation by G-CW(7) complexes). Let (X, A,p) be any 
pair of objects in GJ^/B. Then there exists a relative dual G-CWfy) complex 
(T'X, A) and a dual weak "/-equivalence T'X — * X under A in GJf j B. □ 

Note what this theorem does not say: Not every space over B is weakly equiv- 
alent to a dual G-CW(7) complex. Even so, Whitehead's theorem still implies that 
the map T'X — > X is unique up to canonical lax homotopy equivalence and that T' 
is functorial up to lax homotopy. 

As we did for G-CW(7) complexes, we can apply these results to ex-spaces. 

Definition 4.4.9. A dual ex-G-CWfr) complexes an ex-G-space (X,p,a) to- 
gether with a relative dual G-CW(7) structure on (X, a(B),p). 

The Whitehead theorem and the theorems on cellular approximation of maps 
and ex-spaces now follow as they did for ex-G-CW(7) complexes. 

Dual G-CW(7) prespectra. Now let 7 be a virtual spherical representation 
of TIB. Recall the definition of the ex-G-space B)J +1 given in Definition l3.2.1l 

Definition 4.4.10. A dual j-cell is a G-prespectrum of the form E^D^ +1 , 
where 7(/(Gxjj*)) is virtually spherically isomorphic to G Xjj (V — W + V(G/ H) + 
n) for some possibly negative integer n. The dimension of such a cell is \V\ — \W\ + 
|V(G/.ff)| + 1. We will also use the term dual (7 + n)-cell to refer to a dual 7-cell 
of dimension I7I + n. 
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Definition 4.4.11. A dual j-cell prespectrum is a filtered G-prespectrum 

A = colim X n 

n>0 

over B, where A = * and, for n > 0, each X n is obtained from X n _i by attaching a 
wedge of dual 7-cells along their boundaries. We call {X n } the sequential filtration 
of X. A dual 7-cell prespectrum X is a dual G-CW("f) prespectrum if each cell 
of dimension n is attached only to cells of dimension smaller than n; for such a 
prespectrum we let the skeleton X n be the subprespectrum consisting of all cells 
of X of dimension no more than n, and call {AT™} the skeletal filtration. We also 
write X 1+n for X^\ +n . If (A, A) is a pair of G-prespectra, we define a relative dual 
7-cell or G-CW(7) structure on (A, A) in the obvious way, by taking Ao = A. 

The notion of a co stabilization of a dual 7-cell prespectrum is exactly as for 
an ordinary 7-cell prespectrum. Likewise, we can talk about the costabilization 
system of a given dual 7-cell prespectrum. Every map in the costabilization system 
is a weak equivalence. 

The relevant homotopy groups are the covariant Mackey functors r 7+n A. Note 
that, if b: G/H -> B and 7(6) = G x H {V - W), 

r 7+ „A(6) = [D B F +n ' b , X] G>B £ [hD B S^ +n ,X] G>B S [Z y - W D(^G/H + ), X b ] H . 
Thus, 

r 7+ „A(6) £ r*L w (A 5 ) - r» {Y> w X b ) 
in the notation of Definition 11.4.81 

Definition 4.4.12. Let /: A ~> Y be a lax map. We say that / is a dual 
(7 + n)- equivalence if T 7+ j(A) — > x 7+i (Y) is an isomorphism for i < n and an 
epimorphism for % = n. We say that / is a duaZ weafc 7- equivalence if it is a 
(7 + n)-equivalence for all n. 

From the discussion above, / is a dual weak 7-equivalence if and only if each 
map of fibers ft, : At, — > is a dual weak — H / )-equivalence (where 7(6) = 
Gxh (V— W)). By this we mean that Y, w X b — > E w Yb is a dual weak ^-equivalence 
in the sense of Definition 11.4.91 Using Corollary 1 1 . 4 . 1 61 we now get the following. 

Theorem 4.4.13. A lax map f: X ^ Y of G-prespectra over B is a dual weak 
"{-equivalence if an only if it is a weak equivalence. □ 

The following form of the H.E.L.P. lemma is shown in the same way as Lemma l3.2.11l 

Lemma 4.4.14 (H.E.L.P.). Let r: Y Z be a dual (7 + n)- equivalence of G- 
prespectra over B. Let (A, A) be a relative dual "{-cell prespectrum with cells of 
dimension < \j\ +n. Suppose that the following diagram commutes, with the maps 
to Y and Z being lax maps. 




X 
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Then there exists a relative co stabilization (X' , A) — » (A, A) and lax maps g and h 
making the following diagram commute, where f is the composite X' — -» X ~» Z . 




The result remains true when n 



oo. 



□ 



We have the following version of the Whitehead theorem. 

Theorem 4.4.15 (Whitehead). Let X be a dual 7- cell prespectrum with costa- 
bilization system *A, let Y and Z be G-prespectra over B, and let f : Y ^ Z be a 
lax map. 

(1) If f is a dual (7 + n)- equivalence and X is (7 + n — 1)- dimensional, then 

/*: c6\mnvG@>^{ a X,Y) -> co]imnG&>%( a X, Z) 

a a 

is an isomorphism. It is an epimorphism if X is (7 + n) -dimensional. 

(2) If f is a dual weak "/-equivalence and X is an arbitrary j-cell prespectrum, 
then 

/*: colini7rG^( Q X,r) colimTrG^LA, Z) 

a a 

is an isomorphism. 

(3) If f : X — > Y is a dual weak "/-equivalence of dual "/-cell complexes, then 
f is a pro-homotopy equivalence. 

Theorem 4.4.16 (Cellular Approximation of Maps). If f ': X ~> Y is a lax 
map of dual G-CW("/) prespectra that is cellular on a subcomplex A C X, then 
there exists an a such that the composite a X — > X ^> Y is homotopic rel A to a 
cellular map. 

Proof. This follows from the H.E.L.P. lemma (applied to each cell in an in- 
duction on the sequential filtration) once we know that the inclusion Y 1+n — > Y is 
a dual (7 + n)-equivalence. But, in fact, Y"i +n (W) -» Y(W) is a dual (W + 7 + in- 
equivalence, by an argument similar to that given for Theorem 14.4.71 □ 

The following is proved in the same way as Theorem 13. 2. 171 

Theorem 4.4.17 (Approximation by Dual G-CW (7) Prespectra). Let X be 
any G -prespectrum over B. Then there exists a dual G-CW(~f) prespectrum T'X 
and a weak equivalence T'X —> X in G£?b- 

Cellular dual homology and cohomology. 

Definition 4.4.18. Let A be a dual G-CW(7) prespectrum over B. The dual 
chain complex of X is the chain complex of covariant IIB-Mackey functors given 

by 

C° +n (X) = G 7+ „(A) = r 7+n (A^"/ B ^ + "- 1 ). 
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Using the direct arguments of |35l 15.2 & 19.5], we can now show the following. 

Theorem 4.4.19. If X is a dual G-CW(j) prespectrum over B then we have 
the following isomorphisms, natural in cellular maps: 

J^ G n (X;T) S H n (C J+ ^X) ® Rb T) 

and 

Jtg +n (X;S) Si H n {KomQ B (C J+ *(X),S)). 

□ 

Using the results above, showing that we can approximate any G-prespectrum 
over B with a dual G-CW(7) prespectrum and that we can approximate any map 
with a cellular map, we conclude that we can calculate the dual homology and 
cohomology functors via dual chain complexes. We are then entitled to the following 
spectral sequences. 

Theorem 4.4.20 (Dual Atiyah-Hirzebruch Spectral Sequence). Suppose that 
h G (—) is an RO{G)-graded homology theory on ex-G-spaces over B or G-prespectra 
over B and that h G (—) is its dual theory. Let a be an element of RO(G) and let /3 
be a formal difference of spherical representations of TIB. Let X be an ex-G-space 
or G-prespectrum over B that is bounded below. Then there is a strongly convergent 
spectral sequence 

E l,q = ^a-f3+ P { X 'i h G q ) => h G +p+q (X) 

and a conditionally convergent spectral sequence 

= ^ +p {X;h G f3 _ q ) =► h G ^ + \X), 

Here, h* G and h G are as in Definition \3.J^.12\ □ 

For the universal coefficients spectral sequence, we write 

3£S (X) (b : G/K -> B) = (X ; UB ( - , b) ) . 

Theorem 4.4.21 (Dual Universal Coefficients Spectral Sequence). If S is a 
covariant WB-Mackey functor and T is a contravariant TYB-Mackey functor, there 
are spectral sequences 

El q = To^ B (Jf^ +q (X),T) Jf G +p+q (X;T) 

and 

E™ = ExtZ B (J^ +q (X),S) ^ + %X-S). 

□ 

4.5. Subgroups 

In this section we prove parts [6] and [7] of Theorem l3.4.10l and the corresponding 
parts of Theorem 14.3.21 Since we shall be using several different groups, we shall 
write C G (X) for the G-chain complex of X. 
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Restriction to Subgroups. Let i: K — > G be the inclusion of a (closed) 
subgroup, in |37l §14.3], May and Sigurdsson define the forgetful functor 

i* : G,9> B -> K,9> B 

and, for A a if-space, an induction functor 

i X : K& a ^G& GhkA , 

an analogue of the space level functor that takes a If -space Z to the G-space GxkZ. 
In fact, i\ is an equivalence of categories with inverse v* o l* , where v : A — > G x ^ A 
is the if -map i/(a) = [e,a]. If e : G x K B — > i3 is the map e[<7, 6] = 36, we let 

ig = e\L\: K0> B -> G^ s . 

(Note that this makes sense only when B is a G-space.) Then i§ is left adjoint to 
l*: If X is a if -spectrum over B and U is a G-spectrum over £?, then 

\i K X,E] G ,B = [X,(L,)- 1 e*E} K .B = [X,l*E}k,b- 

The second isomorphism follows from the natural isomorphism (l\)~ 1 e* = v*i*e* = 
t*, the last isomorphism being a special case of [371 14.3.3]. We shall also write 
G x K X for i K X and i?|if for l*E. With this notation we have 

[Gx K X,E\G,B^[X,E\K\ KtB . 

Definition 4.5.1. Let B be a G-space. Let K be a subgroup of G and let 
IIi<-i3 and HqB be the stable fundamental groupoids of B thought of as a if -space 
and as a G-space, respectively. Let i K = G Kk —'• HrB — > HqB be the restriction 
to HrB of defined as above. In particular, its effect on an object b: K/L — » B 
is 

i%{b) = Gx K b: G/L = Gx K (K/L) -> G x K B -» B. 

If T is a contravariant n G I?-Mackey functor, let T\K denote {i K )*T — Toi K as in 
Definition 11.2.11 Similarly, if S_ is a covariant Mackey functor, let S]K — (i K )*S_- 
If C is a contravariant ilifB-Mackey functor, let G Xk C denote (i K )*C. If D_ is a 
covariant 11^ B-Mackey functor, let G Xj<- D_ — (i K )*D_. 

It follows from Proposition 11.2.21 that 

Hom flGB (G x K C,T) = Homg K . B (C, T\K) 

for any contravariant Hk -B-Mackey functor G and contravariant ilc-B-Mackey func- 
tor T. The same adjunction holds for covariant Mackey functors. We also have the 
isomorphisms 

if 5 is a covariant n^B-Mackey functor, and 

(Gx K D) (g> nGB T = D ® fijffl (T\K). 
Finally, we have the calculations 

G xk Ah = Acx K b 

and 

G x K A b ^A GXKb . 
Here, b: K/L -> B, A b = U K B(-,b), and A b = U K B(b,-). 
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Definition 4.5.2. Let 7 be a representation of HqB and let K be a subgroup 
of G. We define j\K to be the representation of HkB whose value on b: K/L — » B 
is the restriction to K/L of j(G Xk b) over G/L. Its values on morphisms is defined 
by restriction similarly. 

The following is part [5] of Theorem 13.4.101 

Theorem 4.5.3 (Wirthmiiller Isomorphisms) . If K C G and X is a K -spectrum 
over the G-space B, there are natural isomorphisms 

H G (G x K X;S)^ H* K {X;S\K) 

and 

H^ G (Gx K X;T)^H K lK (X;T\K). 

□ 

The proof is essentially the same as the similar statement for the i?0(G)-graded 
theories, as is the proof of the following version for the dual theories, which is part 
Oof Theorem SXH 

Theorem 4.5.4 (Dual Wirthmiiller Isomorphisms). If K C G and X is a 

K -spectrum over the G-space B, there are natural isomorphisms 

J^ G (G x x (S'- y(G/K) AX);T) = J^f K (X;T\K) 

and 

J{?J(G k x {S~ V{G/K) AX)-S)^,yf K AK {X;S\K). 

□ 

On the represented level, the ordinary cohomology Wirthmiiller isomorphism 
is just the adjunction 

[G K K X,HT^] G:B = [X, (HT~<)\K] K , B 

together with the equivalence (HT J )\K = H{T\K)^ K . This equivalence follows 
from the calculation 

and the characterization of H(T\K) by its homotopy groups. The ordinary homol- 
ogy isomorphism is given by 

[S, pi(HS^ A B G x k X)] g £ [S, Gx K PI ((HS^)\K A B X)] G 

= [S,^ G /^ Pl ((HS 7 )\K A B X)] k 
£ [S.p^Ty^'^iHS^K A B X)] k 
= [S, Pl (H(S\K) l{K A B X)] k . 

Here, the second isomorphism is shown in [291 II. 6. 5] and the final is given by the 
equivalence T, v ^ G / K i{HS_ )\K = H(S_\K) 7 \x, which follows from the characteriza- 
tion of Mac Lane-Eilenberg spectra and the argument of Proposition 11.3.51 That 
these isomorphisms agree with the ones constructed on the chain level above follows 
by comparing their behavior on the filtration quotients X' f+n / B X^+ n_1 ; which are 
just wedges of suspensions of orbits. 

The dual homology and cohomology isomorphisms now follow as in the RO(G)- 
graded case. 



T\K n = 
n ^ 
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Restriction to Fixed Sets. We shall now restate and prove part [7] of Theo- 
rem [3ATU1 and the corresponding part of Theorem 14.3.21 Until further notice, K 
will be a normal subgroup of G. We first give some definitions and constructions. 

Definition 4.5.5. If 5 is a covariant IlG-B-Mackey functor and K is a normal 
subgroup of G, let S_ K be the sub-Mackey functor of S_ generated by the elements 
in the groups S_(b: G/L — > B) for those L not containing K. Let S_ be the 
Hq / K B K -M&ckey functor defined by 

S K (b) = S(b)/S K (b) 

for b: G/L — > £?, where K C L C G. If T is a contravariant ilc-B-Mackey functor, 
define Tk and T K in exactly the same way. 

If E is a G-spectrum over B then E K is a G/if-spectrum over B K [371 §14.4]. 
We define the geometric fixed-point construction 

§ K {E) = {E.^[K]/\E) K 

as in Definition 11.5.61 In this context, Q K continues to enjoy the properties listed 
after that definition. 

We also have the following analogue of Proposition 11.5.71 

Proposition 4.5.6. If K is normal in G and b: G/L — » B, then 
( A b\K~r/ h K\ \ J i b +' -}g/k,bk if K C L 

(A) ={(b ) +! -} G/ ^ = | o ijK ^ L 

and 

Proof. The proof is essentially the same as the proof of Proposition 11.5.71 
using Proposition 12.5.21 □ 

The following is part [7] of Theorem 13.4.101 

Theorem 4.5.7 (Restriction to Fixed-Sets). If X is a G-spectrum over B and 
K is a normal subgroup of G, there is a natural restriction to fixed sets 

{-) K : H°(X;S) - H^ K ($ K (X); S K ). 

This restriction respects suspension in the sense that the following diagram com- 
mutes: 

H^(X-S) ^ > HG{YyX;S) 



i-) K 



H^ K (^(xy,s K )^HX V K^ vK ^ K (xy,s K ) 

(and similarly for cohomology) . It respects restriction to subgroups in the sense 
that, ifKcL, then {a\L) K = (a K )\{L/K). □ 

The proof is again essentially the same as that of Thcorcm ll.5.81 
The dual results are similar. The following is a restatement of part 0] of Theo- 
rem S321 an d is proved just as in the i?0(G)-graded case. 
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Theorem 4.5.8 (Restriction to Fixed-Sets in the Dual Theories). If X is a 
G-spectrum over B and K is a normal subgroup of G, there is a natural restriction 
to fixed sets 

J^ G {X;T) -> J^fJ K (^ K (X);T K ) 

and similarly in dual cohomology. This restriction respects suspension and restric- 
tion to subgroups as in Theorem \4-5.7\ □ 

As in the RO (G)-graded case, the key to representing restriction to fixed sets 
on the spectrum level is the following result. 

Proposition 4.5.9. Let T be a contravariant UcB-Mackey functor and let K 
be a normal subgroup of G. Then 

^L K +n <5> K {HT 

Hence, there is a G / K -map Q K {HT 1 ) — > H(T K ) 1 over B that is an isomorphism 

G / K 

i n 7r k . Similarly, let S_be a covariant UcB-Mackey functor and let K be a normal 
subgroup of G. Then 





Hence, there is a G / K -map $ K (HS^) -» H(S") 7 * that is an isomorphism in 
G/K 

Proof. The calculations of the homotopy groups follow from Corollaries ll .5. 1 ll 
and 11.5.131 applied to each fiber. □ 

Finally, as in the RO (G)-graded case, there can be a dimension shift when 
restricting to fixed sets by a subgroup that is not normal in G. As before, we let 
a K = (a\NK) K if K is not normal. In ordinary cohomology and dual homology 
there is no dimension shift, but in ordinary homology the map is 

(-)*: H^(X;S) ^ H^ K +V(G/NK)K ^ K (X);S K ) 

and in dual cohomology the map is 

(-)*: ^J(X;S) ^ ,^ ViG/NK)K (* K (nS K ). 
4.6. Products 

In this section we prove parts [9] and \W\ of Theorem 13.4. 10| and the corre- 
sponding parts of Theorem 14.3.21 

Cup Products. As in the RO (G)-graded case, it is convenient to define and 
work with an external cup product. We use the external smash product of para- 
metrized spectra that takes a G-spectrum X over B and a G'-spectrum X' over B' 
and gives the G x G'-spectrum X A X' over B x B', When G = G' and B = B', 
we can internalize by restricting along the diagonals of both G x G and B x B. 

Mimicking the _RO(G)-graded case, we defining the tensor product of Mackey 
functors as follows. 
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Definition 4.6.1. Let B be a G-space and let B' be a G'-space. Let p: UqB x 
He B' — > HcxG'(B x B 1 ) be the functor given by the external smash product. In 
particular, if 6: G/H -> B and 6': G'/H' -> B' then 

p(6 x b') = b x b': G/H x G'/H' = (G x G')/(H x H') ^ B x B'. 

Let T be a contravariant ilcS-Mackey functor and let U be a contravariant HcB'- 
Mackey functor. Let T ®U denote the (IIg-B x iicB^-functor defined by 

(T®U)(b,b') = T{b)®U{b'). 

Define the contravariant Hq x qi{B x -B')-Mackey functor TMU (the external box 
product) by 

(TMU) =p*(T®U), 
where p» is defined as in Definition 11.2.11 We define the (internal) box product in 
two stages. If T is a ilc-B-Mackey functor and U is a ilc-B'-Mackey functor (same 
group G), we first define 

T E3<3 U — (T®U)\G 

where we restrict along the diagonal G C G x G. If T and U are both n^iJ-Mackey 
functors, we define 

TUU = (T^ G U)\B 
where we restrict along the diagonal of B x B. 

The following facts are easy to check. 

Proposition 4.6.2. 

(1) A b mA b , ^A bxb , ifb: G/H -> B and b' : G'/H' ^B'. 

(2) Aq iq Mg T = T for any HcB-Mackey functor T , where we think of Aq iq 
as a ITg (*) -functor. 

(3) If X is a G-CWfa) spectrum over B and X' is a G'-CWf^') spectrum, 
then 

c%(x)MC^ + M') = c^' + M^x'). 

□ 

Now let X be a G-spectrum over B and let X' be a G'-spectrum over B' . The 
external box product induces a natural chain map 

Hom nGB (G?(X),T) ® Hom 5G , B ,(Uf (X'),U) 

^^om naxai(BxBI) (C^X)^'(X'),T^U). 

This induces the (external) cup product 

- U - : HZ(X; T) ® H& (X';U) - H$£> (XaX');TMU). 

When G = G', we can follow the external cup product with the restriction to 
the diagonal subgroup G C G x G to get the cup product 

-U-: H g (X;T)^H g \x';U)^H g + ^'(XaX';T^ g TJ). 

Further, if B = B' and d: Y — » A*(X A X') is a G-map, where A is the diagonal 
B — > B x B, applying d* gives us the cup product 

-U-: H G (X;T) ® H G \x';U) ^ H G W (Y;T OU). 
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There are clearly other variations, but the ones above appear to be among the most 
useful. 

A contravariant r±G_B-Mackey functor T is a ring if there is an associative 
multiplication fi : T □ T — > T. When T is a ring, there is a cup product 

- U - : H G (X; T) <8 H% (X';T) - J^' (F; T) 

when d: Y — > XAbX' is a G-map over £?. In particular, when Y = X = X' = Eg 5 if 
and d is the diagonal, we have the expected associative internal cup product 

— U — : Hq (if; T) ® Hq (K;T) —> H^' (if ; T). 

These cup products have the following properties, most of which were also listed 



Theorem 4.6.3. The cup products defined above satisfy the following. 

(1) Naturality: f*(x) U g*{y) = (/ A g)*(x U y) for the external product. 

(2) Associativity: (x U y) U z = x U (y U z). 

(3) Commutativity: If x £ H 7 (X;T) and y £ H£,(X'; S) then xUy = i(yUx) 
where i is the obvious isomorphism between Hq^q, (X A X'; T^S) and 
H^ G , + x l(X'AX;SMT). 

(4) Unit: there exists an element 1 G Hq(S; Aq/q) (where S is the sphere 
spectrum over a point) such that 1Ui = i for any x £ Hq(X; T) (using 
the identification A G j G T = T). 

(5) Restriction to subgroups: (x\I) U (y\ J) — (x U y)\(I x J) in the external 
product. 

(6) Restriction to fixed sets: x 1 U y J = (x U y) lxj in the external product. 

□ 

The proofs are all standard except for the last two points, whose proofs are 
formally identical to those in Theorem ll.6.31 

The external cup product is represented by a (G x G")-map HT 1 A HU 1 — > 
if(T M U) 1+1 that is an isomorphism in 7r^+y ; the internal cup product is rep- 
resented by a G-map HT 1 As HU 1 — * _ff(T □ {/) 7+7 that is an isomorphism in 
7f£w- These maps are constructed as in the i?0(G)-graded case, the calculations 
done in that case giving the necessary fiberwise calculations here. 

Now we turn to part [5] of Theorem 14.3.21 

Definition 4.6.4. If S is a covariant licjiJ-Mackey functor and T is a con- 
travariant ilcS-Mackey functor, define a covariant IlG_B-Mackey functor S_V T = 
T V5 by 



G£vT)(y) 



>ax6 



where the direct sum runs over all stable G-maps c — > a x 6 over the diagonal 
B —> B x B, and we impose the equivalence relation generated by 

(s®t) / B xi ~ (/*S® 9*t) c ^axb- 

c' — >c — >a x o ■ > a / x o 

The following facts follow from the definitions. 
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Lemma 4.6.5. If S_, T, and U are TlcB-Mackey functors, then 
(SS7T) ® flGii f/-5 8 fiGii (TDU) 

and 

(svT)vu = sv(Tnu). 

Further, 

A b s7A a = {b+,A*(-Aa + )} G:B 

where the latter can be thought of as the group of stable maps over the diagonal 
B -> B x B. □ 

Now consider two G-spectra, X and Y over B. Let T a (X) be a G-CW(q) 
approximation of X, let Y'^iY) be a dual G-CW(/3) approximation of Y, and let 
r' a+f3 (X As Y) be a dual G-CW(q + (3) approximation of X A B Y. As in the 
RO (G)-graded case, there is a filtration-preserving map 

l: T' a+p {X A B Y) -» r Q (X) A B ^(F), 

approximating the identity, unique up to homotopies raising filtration level by at 
most one. This gives a chain map 

: (X A B Y ) - G a+ , (X) V G^ (V) , 

well-defined up to chain homotopy. Given the chain map i* it is now easy to define 
the cup product 

-U-: H%(X;T)®jeg(Y;S) -> JT G Q+/3 (X Ajj^rvS). 

The properties of this product listed in Theorem 14.3.21 can now be shown as in the 
RO (G)-graded case. 

This cup product is once again represented on the spectrum level by a map 

HT a A B HS p -> H(T V S) a+I3 . 

Evaluations and Cap Products. The evaluations and cap products of The- 
orem 13.4.101 and Theorem 14.3.21 are based on properties of cell complexes over B 
and their products. The details are formally the same as in Section 11.51 and are 
omitted here. 

4.7. The Thom Isomorphism and Poincare Duality 

The Thom Isomorphism. Recall that a spherical G-fibration is a sectioned 
G-fibration p: E — > B such that, for each b G B, is based Gfc-homotopy 

equivalent to S v for some linear representation V of G&. 

Definition 4.7.1. Let p: E — > B be a spherical G-fibration and let 7 be the 
associated spherical representation of HqB. A Thom class for p is an element 
t, p 6 Hq{E; A g / g ) such that, for each G-map b: G/K — > B, 

b*(t p )€H G {b} (b*E;A G/G ) 

= H G {b) (Gx K S v ;A G/G ) 

^Hl{S v ;A K/K ) 

= A(K) 

is a generator. Here, V is a representation of if such that 7(6) ~ G Xk S v . 
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Since a global Thorn class is characterized by its local behavior, and locally a 
spherical fibration is a V^-fibration, the next proposition follows from the RO(G)- 
graded analogue, Proposition 11.7.31 

PROPOSITION 4.7.2. The following are equivalent for a class t S H' G (E; A G / G ). 

(1) t is a Thorn class for p. 

(2) For every subgroup K C G, t\K 6 Hj} K (E; Ax/k) * s a Thorn class for p 
as a K -fibration. 

(3) For every subgroup K C G, t K S H^ VK (E K ; Aiyx/wk) * s a Thorn class 
for p K : E K — > B K as a W K -fibration. 

(4) For every subgroup K C G, t K \e £ W 1 \E K \%) is a Thorn class for p K 
as a nonequivariant fibration. 

□ 

Theorem 4.7.3 (Thorn Isomorphism) . Ifp: E — > B is any G- spherical fibration 
and 7 is the associated spherical representation of H G B, then there exists a Thorn 
class t p G H g (E\Aq/q). For any Thorn class t v , the maps 

and 

t p U-: JZ£{B;S) JT G Q+7 (£;5) 

are isomorphisms. 

Proof. As in the proof of Theorem 11.7.51 the theorem is clear in the special 
case that p is a bundle over an orbit. The general case follows, as it does in the 
nonequivariant case for twisted coefficients, by a Mayer- Vietoris patching argument. 
The key point is that we can choose a compatible collection of local classes because 
the action of HgB on 7 is the same as the action on the fibers of p. □ 

Poincare Duality. We are now in a position to describe Poincare duality 
for arbitrary compact smooth G-manifolds. (Again, the noncompact case can be 
handled using cohomology with compact supports.) 

Definition 4.7.4. Let M be a closed smooth G-manifold and let r be the 
tangent representation of T\qM, i.e., the representation associated with the tangent 
bundle. Think of M as a G-space over itself in the following. A fundamental class 
of M is a class [M] £ J^(M;A G / G ) such that, for each point m g M, thought of 
as the map m: G/G m — > M with image Gm, and tangent plane r(m) = G Xc m V, 
the image of [M] in 

.^ T G (M,M-Gm;A G/G ) 

= 4 G (Gx Gm S V ~^ G ' G ^-A G/G ) 

^.yf G -(S v ;A G/G ) 

= A(G m ) 

is a generator. 

The fundamental class [M] is related to fundamental classes of the fixed sub- 
manifolds M K as in Proposition 1 1 . 7 . 7l 
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Proposition 4.7.5. The following are equivalent for a dual homology class 
ti£J?f(M;A G/G ). 

(1) fi is a fundamental class for M as a G-manifold. 

(2) For every subgroup K C G, fi\K G Jf? T ^ K (M; A K / K ) is a fundamental 
class for M as a K -manifold. 

(3) For every subgroup K C G, [i K G Jff^% K (M , Awk/wk) * s a fundamen- 
tal class for M K as a W K -manifold. 

(4) For every subgroup K C G, [i K \e G ffujfi {M K \ Z) is a fundamental class 
for M K as a nonequivariant manifold. □ 

We now have sufficient machinery in place to prove Poincare duality for arbi- 
trary G- manifolds either geometrically, along the lines of [38) or , or homotopi- 
cally as in Section 11.71 The homotopical approach uses, of course, the duality of 
Theorem Ejm] 

Theorem 4.7.6 (Poincare Duality). Every closed smooth G-manifold M has a 
fundamental class [M] G J4?^*(M; A G / G ), and 

- n [M] : ffg(M;T) Jt° T G a (M;T) 

and 

- n [M] : Jf? G (M;S_) -> H?_ a (M;S) 

are isomorphisms. □ 

If M is a compact G-manifold with boundary, then we get relative, or Lefschetz, 
duality. 

Definition 4.7.7. Let M be a compact G-manifold with boundary, with tan- 
gent representation r. A fundamental class of M is a dual homology class [AT, dM] G 
Jf^F(M, dM; A g /q) such that, for each point m G M — dM, thought of as the map 
to: G/G m — > M with image Gto, and tangent plane t(to) = G Xg m V, the image 
of [M, dM] in 

J?f(M,M-Gm;A G/G ) 

- <^y m (S y ; A G/G ) 

= A(G m ) 

is a generator. 

There is an obvious relative version of Proposition 14.7.51 

Theorem 4.7.8 (Lefschetz Duality). Every compact smooth G-manifold M 
has a fundamental class [M, dM] G My [M, dM; A G / G ), and the following are all 
isomorphisms. 

- n [M, dM] : ffg(M; T) -> M G _ a {M, dM; T) 

- n [M, dM] : H G (M, dM; T) -> M G _ a {M; T) 

- n [M, dM] : Jtg(M; S) -» H G _ a (M, dM; S) 

- n [M, dM] : Jf£(M, dM;S) -» H G _ a {M;S) 

□ 
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